MATHEMATICS
MAGALZINE

CONTENTS

Some Comments About Definitions. ......................... D. L. Bruyr
ANoteon Nl . ... .o J. E. Maxfield
A Categorical System of Axioms for the Complex Numbers...............

...................................... W. Bosch and P. Krajkiewicz
A Property of Third Order Gnomon-Magic Squares............ C.W. Trigg
The Circumradius of a Simplex............................. V. F. Ivanoff
On Defining the Sine and Cosine. . ..................... Marlow Sholander
A Noteon Linearity.................. ... ... ... .. ... ..... H. Burkill
A Representation Formula for the Solutions of the Second Order Linear

Differential Equation............................... E. J. Pellicciaro
A Note on the Equivalence of Five Theorems in Analysis...................

................................. R. H. Kupperman and H. A. Smith
An All-Purpose, ‘Floating-Point’ Chart for the Elementary Arithmetic
Operations. . ...ttt C. R. Wylie, Jr.
Evaluation of Double Integrals by Means of the Definition.P. A. Lindstrom
An Arithmetical Problem Involving the Sum of Integersin A. P...........
.................................................. S. 8. H. Young
A Comparison of the Archimedean and Completeness Properties...........
.................................................. J. M. Robertson
Seminatural Systems as Nonempty, Well-Ordered Sets Without Last Element

...................................................... S. T. Stern
A Short Proof of Cramer's Rule.......................... S. M. Robinson
On an Interesting Metric Space............................ R. Shantaram
On ¢ and its Approximation............... C. I. Lubin and A. J. Macintyre
A Direct Proof of the Steiner-Lehmus Theorem. ........... J. V. MaleSevié

Problems and Solutions. ... .......... oo e

VOLUME 43

57
64

67
70
71
72
75

77

81

82
856

89

92

93
94
95
98
101

MARCH 1970 - NUMBER 2


http://www.jstor.org/page/info/about/policies/terms.jsp

Y

MATHEMATICS MAGAZINE

STEPHEN A. JENNINGS, EDITOR

ASSOCIATE EDITORS

L. C. EGGAN MURRAY S. KLAMKIN
HOWARD W. EVES E. A. MAIER
RAOUL HAILPERN HANS SAGAN
ROBERT E. HORTON BENJAMIN L. SCHWARTZ
D. ELIZABETH KENNEDY HUGH A. THURSTON

S. T. SANDERS (Emeritus)

EDITORIAL CORRESPONDENCE should be sent to the Epitor, S. A. JENNINGS,
Department of Mathematics, University of Victoria, Victoria, British Columbia, Canada.
Articles should be typewritten and double-spaced on 8% by 11 paper. The greatest possible
care should be taken in preparing the manuscript, and authors should keep a complete
copy. Figures should be drawn on separate sheets in India ink and of a suitable size for
photographing,

NOTICE OF CHANGE OF ADDRESS and other subscription correspondence should be sent
to the Executive Director, A. B. WiLLcox, Mathematical Association of America, Suite 310,
1225 Connecticut Avenue, N. W., Washington, D. C. 20036.

ADVERTISING CORRESPONDENCE should be addressed to Raouvr. HarLrern, Math-
ematical Association of America, SUNY at Buffalo (University of Buffalo), Buffalo, New
York 14214.

The MATHEMATICS MAGAZINE is published by the Mathematical Association of
America at Washington D. C., bi-monthly except July-August. Ordinary subseriptions are:
1 year $4.00. Members of the Mathematical Association of America and of Mu Alpha
Theta may subscribe at the special rate of 2 years for $6.00. Single copies are 80¢.

Second class postage paid at Washington, D. C. and additional mailing offices.

Copyright 1970 by The Mathematical Association of America (Incorporated)


http://www.jstor.org/page/info/about/policies/terms.jsp

SOME COMMENTS ABOUT DEFINITIONS
DONALD L. BRUYR, Kansas State Teachers College

Many students encounter a great deal of confusion in studying mathematics
because they lack an understanding of the nature and role of the language used
in discussing mathematics. In fact, there are different philosophical points of
view as to the exact relationship between language and mathematics even be-
tween mathematicians and logicians. Nevertheless, insights are never attained
unless thought and effort are given to the matter.

There are many basic things about a technical language that students should
and can be informed about that will eliminate some confusion. One such en-
lightening endeavor is for students to give consideration to the matter of “defi-
nitions” in mathematics. The following material offers a few thoughts that can
be discussed with students in order to help them appreciate the nature and pur-
pose of definitions in mathematics.

Man communicates by the use of some language. The language (means of
communication) may be in various forms of sound, written symbols, gestures,
or signs. Communication takes place only when the receiver’s interpretation of
a message agrees with what the sender meant by the message. How can the
sender of the message be assured that the receiver will interpret the message
and obtain the intended meaning? If words are the means of communication,
to have proper communication both the sender and receiver must somehow in
advance agree on the meaning of each word. How are such agreements and un-
derstandings established?

In order to appreciate some aspects of communication by the use of words,
consider an Englishman and a Frenchman. Furthermore, suppose there does
not exist any English-French dictionary. If the Englishman does not understand
any French, a French dictionary would be useless to him in finding the meaning
of a particular word. After all, a dictionary merely indicates that a word is to
have the same meaning as another word or group of words and each of these
words is to have the same meaning as another group of words and so on. Fur-
thermore, since there are only a finite number of words in any language, defining
one word leads to the use of other words, each of which leads to the use of others
until eventually one word will appear twice in the chain and form a loop. How-
ever, even though a dictionary defines every word by the use of other words and
admits such circularity, it is assumed that the user already knows the meaning
of a sufficient number of words in order to arrive at a meaning before completing
such a loop. But how does one become aware of the meaning of a sufficient
number of these basic words in order to use a dictionary?

To avoid meaningless circularity it is necessary to establish the meaning of
some words by means other than by the mere use of other words. What means
should one initially choose to convey the meaning without the need of just using
other words? (Here it is assumed that some language is already established and
that one is trying to make the dictionary useful.) The most easily understood
words are those for which the meaning can be exhibited by physical means that
a person can sense. Hence one can indicate the association between the word and
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the comprehendible physical object or situation which is the meaning. For
instance, one can establish the meaning of “rock” by pointing with the finger to
real rocks. After a long and tedious task of establishing meaning for a large
number of words in this implicit manner, it is possible to give meaning to a new
word in the explicit manner of just using words already defined. This pattern of
development is best illustrated by observing how a child actually learns to read.

To study, develop, or apply a discipline such as mathematics, it is necessary
to communicate in a special manner about mathematics. That is, it is necessary
to develop a technical, mathematical language. In any logical discourse (tech-
nical language), as in any language, it is impossible for the meaning of every
term (word or symbol) to be given explicitly by indicating that it has the same
meaning as phrases involving other terms. There must be some terms whose
meanings are given in an implicit manner. In a technical language the basic
terms that are implicitly realized are called the primitive terms of the discourse.
However, in the language for a mathematical system the primitive terms ac-
tually have no precise meaning other than that implicitly given by their use and
presence in the postulates of the system. That the primitive terms of mathemat-
ics have no definite meaning may at first seem very strange. However, this fact
will be realized as a significant and useful aspect of mathematics. It is a later
assignment of meaning to these primitive terms that leads man to apply and
make mathematics a useful tool. Nevertheless, the point to be made here is that
a mathematical language must also have some primitive terms, but no attempt
is initially made to implicitly attach a meaning to them. For this reason the
primitive terms of a mathematical language are sometimes called the undefined
terms.

All other terms in a mathematical language are either nonmathematical,
nonspecialized English terms, such as “the,” “as,” “there,” and “consider,” or
terms that are abbreviations for a more complicated combination of undefined
terms and nonmathematical English terms. The latter terms are called the de-
fined terms. A defined term is an abbreviation of a word, phrase, sentence, sym-
bol, or any combination of such that are already part of the mathematical lan-
guage. The only reason for having defined terms in the language is that they
serve as a matter of convenience; otherwise, the language becomes increasingly
bulky. For instance, “circle” is a shorter and more convenient word than the
phrase “a set of all points in a plane equidistant from a fixed point,” or the
symbol “=<?” is shorter than the phrase “is less than or equal to.” Here “circle”
is merely used as an abbreviation and is really not necessary to have in the
language since one could use the already established phrase “a set of all points
in a plane equidistant from a fixed point.” In fact, since all defined terms of a
mathematical language are merely abbreviations of an already established lan-
guage, they really need never be used, since one could use in their place what
they abbreviate. But a defined term used in place of what it is abbreviating or
vice-versa should in no way destroy or modify any intent of a statement involv-
ing the substitution. For instance, “2 <3” has exactly the same meaning as “2
is less than or equal to 3.” In other words, a defined term and that which it re-
places or abbreviates are both to reveal the same thing.
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The accepted familiar general language used to develop a technical language,
such as English, in this case, is called the syntax language. The technical lan-
guage being developed, in this case a mathematical language, is referred to as
the object language. It is also possible to develop an object language by using
another object language as the syntax language, and this situation happens
quite often in the field of mathematics.

It has already been mentioned that defined terms are really not necessary in
mathematical (object) language, but they are used only to be economical. What
mathematical expressions become worthy of abbreviation? Certainly any expres-
sion that is used quite frequently would be beneficial to abbreviate. For in-
stance, a student does not do much work in mathematics before he realizes that
the phrase “such that” is used many times. Hence it becomes convenient to
introduce the defined term “>” to replace “such that.” One can formulate any
abbreviation for any piece of object language, but if the language is meaningless,
inconsistent, or insignificant, one would find little use for it. Consequently, who
would bother to formulate a defined term to abbreviate such language? Even
the fact that each term in a phrase is an undefined term or an already defined
term does not guarantee that the phrase is meaningful, consistent, or even the
mathematical “existence” of that described by the phrase. For instance, the
phrase “sum line point product difference” is meaningless. The phrase “two lines
intersect and do not intersect” is inconsistent because it is self-contradictory.
One would not find it very beneficial to form a defined term to abbreviate a piece
of language unless it were at least meaningful and consistent.

When a piece of mathematical (object) language is used quite frequently, it
is usually because the language denotes pertinent mathematical concepts. Most
of such concepts revolve around either sets, variables, relations, or functions.

Consider, for instance, the idea of a variable. In any mathematical system
there are usually sets whose elements have common significant mathematical
properties. It becomes important to be able to refer to elements of this nature,
that is, to express that one is considering any element of such a particular set.
An expression in mathematical language that refers to any member of a specified
set and which by agreement can be replaced by any name of an element in the set
is often abbreviated by a defined term, and such a defined term is a variable. For
example, “circle” in Euclidean geometry is used to abbreviate “a set of points
in a plane equidistant to a fixed point in the plane.” Here the understanding of
the language actually refers to any set of points in the plane that satisfy the
requirement of containing all points equidistant to a particular point in the
plane. There are an infinite number of such sets of points in the plane, and the
expression is referring to any one of them. The defined term “circle” used to
abbreviate this language is then itself referring to any one of these sets and is a
variable. Likewise, defined terms, such as “figure,” “polygon,” and “isosceles
triangle,” all abbreviate language that refers to any element of a particular set
all of whose elements exhibit pertinent mathematical properties and are particu-
lar variables.

Consider another example within the context of the integers. The expression
“an integer divisible by two” refers to any number in the set of all integers divis-
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ible by two. The expression is usually symbolized by the defined term “even
number.” The term “even number” then refers to any integer divisible by two
and thus is a variable. Other defined terms, such as “prime number,” “negative
number,” and “perfect number,” are common defined terms that abbreviate
language referring to any element in a specified set and hence are variables.

Now consider language denoting a function. This language describes a defi-
nite means of associating with every element of a particular set (domain) one
and only one element of a set (range). The actual rule (association) indicated by
the language that associates with every element of the domain a unique element
in the range is the function. (Some would rather consider a function as a set of
ordered pairs with no two pairs having the same first element. If this be the case,
then consider the language denoting such a set.) Functions are fundamental in
mathematics and the language indicating (naming) any one such function is
usually symbolized by a defined term. Hence the defined term (symbol or word)
abbreviates the language indicating the function, has the same intent as the
language, and hence is also a name for the function. For example, the language
“associate with every ordered pair of integers (a, b), the integer a+(—25),” de-
scribes an important function, and the defined term “subtraction” is used to
abbreviate the phrase. Hence “subtraction” means the same thing as the phrase
which describes (names) the function and is itself a name for the function. Other
familiar defined terms, such as “division” or “-+,” “differentiation,” “squaring,”
“square root,” “absolute value,” and “integration,” are defined terms that ab-
breviate language which distinguishes particular important functions and are,
therefore, names for the functions.

Also in considering a function, one frequently needs to refer to the unique
element in the range that the function associates with a particular element in
the domain. It is common practice that if a defined term, such as “f,” denotes a
particular function, the “f(b)” is used to denote the unique element in the range
that the function f associates with the element b of the domain of f. Suppose that
the defined term “area” is used to abbreviate “associate with every geometric
square the square of the length of a side” and thus denotes that function. The
unique number associated by the function with a particular square ABCD is
denoted by “the square of the length of a side of the square ABCD,” but is
sometimes abbreviated by using the name “area” of the function by “the area
of the square ABCD.” Likewise, if “absolute value,” “square root,” etc., are
defined terms denoting particular functions, then the particular element in the
range associated with a given element in the domain is referred to respectively
by “the absolute value of the number b,” “the square root of the number 0,” etc.
If the defined terms “| |” and “y/™” are used instead of “absolute value” and
“square root,” then the elements associated by the respective function with a
number b are denoted by respectively “Ibl ” and “+/8.” There is much that
could be said regarding the various languages used regarding functions, but
the point to be made here is that much of such language used is abbreviated with
defined terms (words or symbols), and, to communicate with such defined terms,
one must know the particular language that is abbreviated and have an under-
standing of that language.
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The notion of relations in mathematics is also of such significance, that is,
discussed frequently enough, that much of the language pertaining to relations
is symbolized. For instance, “parallel” or “H,” “similar” or “~,” and “less than”
or “<,” are defined terms that abbreviate language revealing certain relations.

In summary, one has the privilege of using a defined term to replace any
piece of object language concerning a mathematical system, but one usually
only considers defined terms to abbreviate meaningful and consistent language
that is used quite frequently. Such language is usually concerned with pertinent
mathematical notions, such as sets, variables, functions, or relations.

How are the defined terms (symbols or words) chosen? The abbreviations
(defined terms) actually can be quite arbitrary, but sometimes they are made
to be suggestive either of the language they are abbreviating (replacing) or the
meanings of such language. For instance, the defined term “equilateral triangle”
suggests the language it abbreviates, namely, “a triangle with three equal sides.”
But, “9%,” with a little imagination looks like “1/100,” which means the same
thing as “percent”; thus “9%,” was chosen to abbreviate “percent” because it
looks like something that has the same meaning as “percent.” Consider “triangle”
as the choice to abbreviate “the union of three line segments determined by three
noncollinear points.” Here “triangle” suggests three angles, which though not
the language it abbreviates, yet is related to the mathematical meaning of the
language. Even though the choice of defined terms is intended to be helpful,
they sometimes can be misleading. For instance, “real number” may suggest
something physical and might be misleading. One should never consider the
suggestion realized by the nature of a defined term as the exact language abbre-
viated by the term or the complete meaning of the language. However, one often
can use the suggestion made by the defined terms as an aid to recall the actual
agreement made as to the language it is to replace.

An important point to be made about terms in any language and especially
a mathematical (object) language is that the terms have only the meaning that
man chooses to assign them. Terms are not natural physical constants with fixed
meanings, but they are man-made symbols with assigned meanings established
by agreements between men. The only laws or rules in such freedom comes from
man himself in that the language is to serve to make ourselves understood.

In order to use defined terms unambiguously it is necessary to indicate clearly
and exactly what each defined term abbreviates and replaces. This message is
indicated by a statement called the definition of the defined term. A definstion
is a statement which reveals a defined term (words or symbols) and a combina-
tion of previously defined, undefined, and/or specialized English terms that it
is to replace (abbreviate). The definition shows that two groups of words,
phrases, sentences, and /or symbols are to have the same meaning or understand-
ing gained from the language. A definition is merely a statement made by the
sender to indicate to the receiver that a particular symbol (defined term) is
introduced, the already familiar language it is to abbreviate, and that the defined
term and what it abbreviates are to be used as showing the same meaning or
intent.

Definitions appear in existing mathematical literature in many forms. One
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must be careful to notice that some statements are indeed actually definitions.
Consider for example some common forms that might be meant to serve as
mathematical definitions where in all cases the defined terms appear on the left
and the already familiar object language that it is to abbreviate and of which it
has the same meaning is on the right.

Addition is commutative means for every number x and y, x+vy=y-x.
|x| = /%2

x—v is defined as x-+(—y).

& denotes the empty set.

Y is notation for “for all”.

“||” is read “parallel to”.

Between each defined term and that which it abbreviates appears an expres-
sion indicating that one is to be symbolic of the other and have the same mean-
ing. It might be helpful if definitions appeared in a more uniform manner in-
stead of in so many various ways. If a symbol, such as “ =df” (read “is equal by
definition”) were used to denote a definition, then the above examples would
appear in a somewhat more uniform manner as:

“Addition is commutative” =df “for every number x and vy, x+y=y-+x".
« I x‘ Y =df“y/x?.

«x_y» =df “x+(-—y)”.

“A” =df “the empty set”.

“9"” =df “for all”.

“H” =df “parallel to”.

Mathematical definitions as introduced here are statements (agreements) to
be made about the language of mathematics and not particularly about the
mathematics. In other words, definitions are concerned with what is used in dis-
cussing mathematical entities and not the entities themselves. In fact, definitions
are not even needed to discuss mathematics. A definition indicates that a de-
fined term is to abbreviate and mean the same thing as a particular piece of
language all of whose terms are already part of the object language. One really
need not have or use the defined term, but instead he may use the already famil-
iar language it abbreviates. Hence, there need not be a definition relative to the
defined term if one really does not need to use the term. In other words, an
abbreviation of language need not be used; one can always use that which is
‘abbreviated.

It is also common practice for “definitions” to be presented in biconditional
(p if and only if ¢) forms. To introduce a defined term by the use of an expression
in such a biconditional form requires some additional agreements that are not
inherent from just the connective function “if and only if.” These agreements are
not always appreciated or may not be fully understood.

In the first place, the connective “if and only if,” or simply “iff,” is itself a
function that associates with every pair of statements p and ¢ another statement
“p iff q,” whose truth value is “true” only when the truth values of p and ¢ are
the same. Now suppose the connective “iff” is used between two statement func-
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tions s(x) and ¢(x), each, say in a variable x, as “s(x) iff #(x).” Here “s(x) iff t(x)”
is also a statement function only because, if the variable x in “s(x) iff £(x)” is re-
placed by a constant b, both s(x) and #(x) become statements s(b) and #(b) and,
therefore, “s(b) iff £(b)” is a statement by definition of “iff.” If either s(b) or £(b)
were not statements, then “s(b) iff #(6)” would be meaningless, since “iff” is
defined only on ordered pairs of statements.

Now, suppose one is to introduce a defined term as “even” only by the expres-
sion “x is an even integer iff x is divisible by 2,” with no additional agreements.
If the variable « in such an expression were replaced by a constant, say b, then
the expression becomes “b is an even integer iff b is divisible by 2.” Now “b is
divisible by 2” can be verified from the mathematical system of integers as
“true” or “false” and, thus, is a statement. But “b is an even integer” by itself
is not a statement since “even” is not yet a term of the system. The connective
function “iff” is not defined on this pair of expressions since one, namely, “b is
an even integer,” is not a statement. It follows then that “x is an even integer iff
x is divisible by 2” is not even a statement function since any replacement of x
does not yield a statement. Thus the entire expression is useless. However, if
the expression, “x is an even integer iff x is divisible by 2,” is said to be a defini-
tion, then there are additional agreements made which makes the expression
meaningful. To state that such an expression is a definition, it is first understood
that “even” is to be a term for which “x is an even integer” is a statement func-
tion. Furthermore, it is understood that the biconditional is to be an equivalence;
that is, “x is an even integer iff x is divisible by 2” is to be “true” for any replace-
ment of the variable x. Hence “x is an even integer” and “x is divisible by 2” for
the same replacements of x are to yield statements of the same truth value.

At this point, it is known that “even” is to be a term, such that to state “b
is an even integer” is a statement and is either “true” or “false” depending on
whether “b is divisible by 2” is verified as “true” or “false” in the system. This
does not specify an already familiar piece of language that “even” is to abbrevi-
ate, but does in the long run furnish a characterization criteria for labeling “true”
or “false” to expressions involving an integer’s being even. To introduce a term
in a mathematical system in such a manner as to clearly indicate its role in the
“truth” or “falsity” of statements involving this term:and, in turn, to use the
term instead of other characterizing statements (substitution of equivalent
statements) without changing any “truth” or “falsity” is the most one obtains
from any defined or undefined term in a mathematical system. After all, the
essence of the game of mathematics is the labeling of “true” or “false” to certain
statements because of a logical consequence of labeling the postulates as “true.”
Therefore, the introduction of a term in this manner is sufficient for the use of
the term in mathematical endeavor. However, it is also sufficient for mathemati-
cal purposes to consider a defined term as just an abbreviation of a given piece
of already familiar language, as previously indicated. The latter seems to this
author as the less confusing and is also sufficient to accomplish the same end
result. For instance, the undefined term “even” could be introduced simply by

“even integer” =df “an integer divisible by 2”.
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To consider all defined terms (notation, words, etc.) as abbreviations, with a
definition as the statement indicating the abbreviation and the language it is
to abbreviate, would seem to be a more general and simple approach to the
idea of definitions.

There are certain unwritten rules in the use of mathematical terms and defi-
nitions. During the course of development of mathematical language, certain
words and symbols have been accepted in a particular mathematical context to
have somewhat standard definitions. That is, the same term is used by all to
replace somewhat the same language. If a mathematician uses such a familiar
term in the common mainstream manner, then it is not always necessary to
exhibit the definition. However, it is one’s right to use any term in any manner
as long as communication is not sacrificed. If one chooses to use a familiar term
but in a different manner than would be expected, a course of action which is
permissible though not advisable, then the person is obligated for the sake of
clarity to explicitly reveal a definition.

Another existing situation, possibly unfortunate, is that certain terms, es-
pecially symbols, have several standard definitions. To know which definition
to consider depends on the context in which the term is used and left for the
judgment of the reader. For example, “—” may appear as part of a name for a
negative number as “ —2”; to indicate the image (difference) of two numbers un-
der the binary operation (function) subtraction as “6 —3”; to indicate the addi-

tive inverse (opposite) of a number as “—(42)”; or the difference of sets as
“A —B.” However, when “—” appears in a piece of language it is assumed that
the reader would consider the definition for “—7” which makes the language

meaningful. As in the previous examples, it would be clear that the “—” in

% —(42)” does not mean difference, for there is no indication of a minuend. But
there are situations that can be ambiguous. For instance, if the convention is
used where “5” abbreviates “+5,” then the language “—35” is meaningful to
consider the “ —” as either part of the standard numeral for the negative number
or as indicating the additive inverse of the number +5. In this case, however,
and I might add “thank heavens,” either meaningful interpretation refers to
the same number. That is, negative five is the additive inverse of positive five.
Ambiguity usually leads to more disastrous results.

A NOTE ON N!
JOHN E. MAXFIELD, Kansas State University
In this note two theorems are proved. The first states:

THEOREM 1. If A is any positive integer having m digits, there exists a positive
integer N such that the first m digits of N constitute the integer A.

In order to prove this theorem the following two lemmas are needed.

LeMMA 1. The fractional pari of log N, writien {log N } is dense on the unit
interval.
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integer N such that the first m digits of N constitute the integer A.

In order to prove this theorem the following two lemmas are needed.

LeMMA 1. The fractional pari of log N, writien {log N } is dense on the unit
interval.
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Proof. {Logm x} determines all of the digits of x and the integral part deter-
mines only the location of the decimal point. The terminating decimals are
dense in [1, 10] and log x={logiox}, 1=x=<10 is continuous. Therefore
{loglo x} is dense on [0, 1]. Since log, (x) =log, (¥)logs b, the lemma follows for
any base.

LemMA 2. {log N1} is dense on [0,1].
Proof.

) .
log(NV -+ #)! = log N1 +- Zlog(l +5—V>N

=1

. .
=log N!+ klog N + Zlog(l +1-N

=1
k j jZ

— log N1+ klog N (—— o( ))
o8 ° +,~§ v T\

k k4
= ! —_— —_—
log N!+ klog N + T *&k+1) 4+ O(Nz).
We shall now construct an g-net on [0, 1] with elements of {log N!} where 5
is small.
Let 7>0. Since {log N} is dense on [0, 1], there is an infinite set of N, say
N, such that 57/8 < {log Na} <7Tn/8.Let M —1=[16/9], the greatest integer
in 16/9n. Choose N, so large that

M{M + 1) <M4
2N, +o Ni)

<.
16

Then

kR(E+1) (&
{log(Wa + B)I} = {108 N+ klogN, +———+0 (__>} = g(k).
2. M
Since N, is fixed, log N, and log N,!are fixed. For k= M

Bk + 1) Bt
., O (A_ﬂ_)

a

<.
16

Therefore the principal part of the variation of g(k) as % varies is due to the
term k log N,. If g(k) <1—n, and since {log Na} <7Tn/8, then

N?

a

MM+ 1) M
gk + 1) — g(k) < {log N.} + 2‘——(2_1\7:*+0(”>

<Tn/8+1/8 =n.

If g(k)>1—(1/2)n, since {log(N.)}>(5/8)n, it follows that g(k+1) > (7/8)n
+(1/8)n=n. Since M{log N.}>(16/9+1)(5/8)n> (16/9)(5/8)n=10/9, the
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whole unit interval is covered by an 7 net of points of {log N!} where the chosen
Nare Noy No+1 - - - N+ M.

Proof of Theorem 1. If we take log to the base 10, we want there to exist an
integer ¢ and an integer N such that 4 X10!=N!<(4+1)10¢ or that ¢+log 4
<log N!<t+log(4 +1). This can be done if

flog 4} < {log N1} < {log(4 + 1)}.

By Lemma 2 {log N!} is densein [0, 1]. Thus, such an N can be chosen and the
theorem is proved.

Theorem 2 is a generalization of Lemma 2. We need the following definitions
and lemma.

Define log™® m to be the jth iterant of log m, i.e., log'® m =log log m.
Define 01 to be the jth iterant of n!, i.e., n!® =n!!

LemMA 3. Forj > 1,

k log n>

log@W(n + k)19 = logn! 4 loglogn! 4 klogn + O(
log n!

Proof. By Stirling’s formula,
log®(n + k)1 = log([(n + &)! + 1/2] log(n + &)! — (n + &)!log e + O(1))

= log[(n + k) !log(n + #)!] [1 +0 <log(n—1+k)'>]

= 14 logl '+0(———).
log(n + k)! + loglog(n + &)! + <log(n—l—k)!>

From the proof of Lemma 2, log® (n-+k%)!®
= log n! + klog n + log[log n! + & log n] + O(k%/n?)

k log n)
log n! ’

=logn!-}—loglogn!-i-klogn—l-O(

establishing a basis.
Induction hypothesis:

. . klogmn
log® (n + k)1 = log n! + loglog n! + klogn 4+ O(l ').
og n!

Then by Stirling’s formula,

log @+ (n + k) 1GHD
= log?([(n + &)!D + 1/2] log(n + k)1 — (n + k)@ log e + 0(1))

. ‘ log(n + E)1@ 1
— log® [(n + B)1D [1 +1/2 PR +0 (mm
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. ) log(n + E)!@ ((log(n + &) !(f)>2)>
= Jog(D (] 1) gV T 0
og ( og(n + &)1V + 1/ T + IR

_1 o 1 log(n 4 k)P
= log~ )[log(n +])!(J)[1 +1/2 _(n T + O<—_—[(n > k)!(j)]3>:|]

1
= log® o4 of —
gV BT+ ((n-l- k)!(f))

klogn
= logn! + loglogn! 4 klogn 4+ O ),

log »n!

completing the proof.
From this, as in Lemma 2, one can construct an » net and prove:
THEOREM 2. {log® NID} is dense on the unit interval.
Supported in part by NSF Grant NSF GP 5938.

A CATEGORICAL SYSTEM OF AXIOMS
FOR THE COMPLEX NUMBERS

W. BOSCH and P. KRAJKIEWICZ, University of Nebraska

In many elementary analysis texts the real numbers are introduced by means
of a categorical system of axioms. In contrast one finds in complex analysis texts
that the complex numbers are defined by means of some constructive process.
The purpose of this note is to remedy this omission by giving a brief exposition
of the complex numbers starting from a categorical system of axioms. In this
paper it is assumed that the elementary properties of a complete linearly ordered
field are known.

DEFINITION 1. A complex number system K is defined to be any commutative
field K with the following property: There exists a homomorphism T: K—K such that

1) T(z) # 2 for at least one 3 € K,
(2) T(T(2) = zfor all z € K,
3) the subset R = { zEK:T(z) = z} is a complele linearly ordered field.

The mapping T is called the conjugate operator. For any element z&K,
T'(2) is called the conjugate of z and we denote it by 2. The elements z in K are
called complex numbers.

THEOREM 1. For any complex number system K, the following properties of
the conjugate operator are valid:

4) 2 5% 3, for at least one z € K,

(5) Z=3 foralsCK,
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(6) 21+ 82 = 31+ 22, forallzy, 2 K,

) 2182 = 2129, for all 7,2, € K,

®) 2=0 ifz=0,

©) 1=1,

(10) —z=—2, foralzEK,

(11) 51— 20 = 21 — 29, for all 21,2 € K,
(12) (21/22) = 21/22, for all 31,2, € K, 7 # 0.

Proof. Properties (4)—(7) follow directly from Definition 1. To establish
property (8), we note that

1+ 0=2+0=2F0=z=2z forallz E K.

Thus 0=0.

To prove property (9), we observe that z1=2=3%1=21=z, for all 2EK.
Hence 1=1. The proofs of properties (10)—(12) are also easily established. This
completes the proof of Theorem 1.

DEFINITION 2. 4 complex number z is called skew conjugate or pure imaginary
iff 2= —2z. A complex number z is called real iff =3z, that is 3&ER.

THEOREM 2. If 3 is any complex number then z-+Z and 2% are real. Also z—%
is pure imaginary. In particular 1 is real. Also 0 is both real and pure imaginary.
Finally a complex number z is both real and pure imaginary iff z=0.

THEOREM 3. In any complex number system K, the equation

(13) 2= —1

has two distinct solutions. If © denotes one solution, then —1 is the other solution.
Note that 750 and that 7= —i. Thus ¢ is not real and is pure imaginary.

Proof. In order to show the existence of a complex number satisfying equation
(13), we proceed as follows: First, by equation (4), there is some complex num-
ber 2 such that 2o #zo. Let W =2¢—2,. Observe that W0 and W = — . Thus
W is not real but is pure imaginary. Now let N = WW. Observe that N0 and
that N is real. Hence W2= —N. If N<0, then W= + (—N)¥2 is real which is
impossible. Thus N>0. Let ¢=W/(N)V2. Then 2= —1. This completes the
proof of the theorem.

THEOREM 4. Any complex number z can be written uniquely in the form
(14) 3= x4+ 1y,
where x and y are real and 1 is a fixed complex number such that 12= —1.

Proof of uniqueness. Let 2 =x1+1y1 = x,+1y, where x1, x», y1, ¥2 are real. Then
we also have z=x;—1y; =%, —1y, and from these two equations we get x; =x,
and y; =ys.
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Proof of existence. To establish existence, we observe

(15) 2=+ iy
where
z+ 2 z— 32
16 x = , =
(16) YT Ty

Evidently x and y are real. This completes the proof of the theorem.

THEOREM 5. If z1=ux1+1y1 and 2o =% +1y; where x1, X2, Y1, Y2 arve real, then the
following are valid:

a7 21 = Z2iff X1 = %2 and Y1 =V,
(18) 21t 22 = (%1 + x2) + (1 + ¥2),
(19) 2122 = (%1% — y1y2) + i(®1ye + %2y1),
(20) 21— % = (¥1 — %) + i(y1 — 2),

1% + Y1y2 | Y%z — Ya¥1
(21) 21/22 = ) if 22 # 0,

o + ¥ %+ 9

(22) 21 = %1 — iyl,
(23) z121 = xi + y21,
(24) z1is real iff y = 0, and 31 is pure imaginary iff x, = 0.

THEOREM 6. Any two complex number systems are 1somorphic.

Proof. Let K; and K, be any two complex number systems with respective
conjugate operators 77 and T5. Let

Rim (G ke @ o i - (o€ K0 -

Now R; and R; are two complete linearly ordered fields. Thus R; and R, are
isomorphic. Let f: R;—R, be the isomorphism. Finally let ¢; be a fixed complex

number in K; such that ;= —1 and let 4, be a fixed complex number in K, such
that 3= —1. We now define F: K;—K, by
(25) F(z) = F(x + iyy) = f(x) + i:f(9),

for all z2=x414,y in K; where x, yER;. It is not difficult to show that F is an
isomorphism of K; onto K,. This completes the proof of the theorem.

THEOREM 7. There exists at least one complex number system.

Proof. Let R be any complete linearly ordered field. Let K = { @, y):x,9E R}
and define the binary operations 4+ and - on K by the conditions that

(21, ¥1) + (%2, y2) = (%1 + %2, y1 + ¥2),
(®1, y1) + (%2, ¥2) = (%12 — Y12, £1Y2 + X21).
Evidently K is a commutative field. Now define T: K—K by

(26)
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(27) T[(x’ y)] = (x’ _y):

for all (x, ¥) EK. Clearly T is a homomorphism which satisfies properties (1),
(2), and (3). Hence K is a complex number system. This completes the proof of
the theorem.

A PROPERTY OF THIRD ORDER GNOMON-MAGIC SQUARES
CHARLES W. TRIGG, San Diego, California

A 3-by-3 array may be sectioned into a 2-by-2 array and a 5-element gnomon
in four ways. '

a1 b1 a
[72] bz C2
a3 bz cs

If the sums of the elements in the four 2-by-2 arrays are equal, then the sums of
the elements in the four gnomons are equal also. Thus such a third order square
can be tersely designated as gnomon-magic, even though the magic constant .S,
dealt with here, is the sum of the elements in a second order subsquare.

Since S=a;+b1+a2+by =b1+c1+b:+¢c,, then

a1+ @y = ¢1 + co.

Similarly,

as + a3 = ¢+ ¢3
SO

ay — a3 = €1 — C3
or

a1 — €1 = A3 — €3 = C3 — Q.

Also, bi+ci=bs+cs, 50 b3—bi= —(c3—c1).
The value of the determinant of the gnomon-magic square is

ay — ¢ b1 C1 1 bl C1
bl + b C1 + C2
D = ag — C2 bz Cy | = ((11 b 61) —1 bz Cy | = (01 - 61)
bs - bl Cc3 — C1
az — C3 bs C3 1 bs C3

= (01 - 61)(63 - 61)(b1 + by + ¢ + 62) = (01 - 61)(63 - 61)5-

Consequently, S divides D.
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THE CIRCUMRADIUS OF A SIMPLEX
VLADIMIR F. IVANOFF, San Carlos, California

The method of determining the value of the circumradius of a simplex in
terms of the lengths of its edges, proposed in this paper, is so simple that the
present writer does not exclude the possibility that it was discovered shortly
after the determinants had found their place in mathematics.

Let R, be the length of the circumradius of the #-dimensional simplex, with
the vertices Ai, Az, + - -, Aay1, and circumcenter at a point P. If we draw
the radii from P to the vertices of the simplex, the total new configuration may
be interpreted as a degenerate (n-1)-simplex, with zero (z41)-volume (con-
tent). The n-volume, V,, of the n-simplex, is well known [1]. If we denote the
edges A;4; by a,;, or simply by (¢j), when there is no ambiguity, we have:

01 1 SIEIO | 1
10 di.2 e ai,n di,n+1
1 a2 0 g a
(1) (_1)n+12n(n!)2vi _ 2,1 2,n 2,41 :
1 d:.l d:,z 0 a: _—
1 d:+1,1 072;+1.2 072;+1.n 0

0 1 1 1 1
10 di.2 . di.n+1 R:
2 2 2
1 as 0 cGrmp1 R
0= ,
2 2 2
1 Gny11 Gugre- -0 R,
2 2 2
1 R, R, -+ R, 0

from which we can find the circumradius of the n-simplex.

To do this we subtract from the elements of the last row the elements of the
first one, each multiplied by RZ, and then subtract from the elements of the last
column the elements of the first one, each multiplied also by R2, and we get:

0 1 1 .1 1
10 Qs Gimpr O
0= 1 as 1 0 (12 0
1 daopiy @ -0 0
10 0 ---0 —2R:

By expansion of this determinant, using the elements of the last row (or
column, if we wish) as the leaders, we get a relation, from which we find:

71
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2 1 1 1 1
0 a2 * Q1 A1,n41 2
2 2 a2 A1,n A1n41
a1 0 G2n G241 2 2
2 a1 0 “G2n G241
—ZR" ol T
N
Gn1  Gn.2 -0 [ 2 2 2
2 2 2 1 ana  Guz ---0 [
G411 Gnin2 * * * oyl O 2 2 2
1 @uit1 @Gugr2* *  Gugtn O

Denoting the numerator by D, and taking the value of the denominator from
(1), we get:
—2R, = D./(=1)"" 2" (n) 'V,
whence
R, = {(=1)*D,}}/ 25Dy 1V,,

For a triangle (z=2) with the sides ¢, b and ¢ and area A, we find: D, = 2a2b%?
and therefore R, =abc/4A. For a tetrahedron (n=3) we have:

2 2 2

0 a2 a1z aus
2 2 2
an 0 Qa3 Q24
D; = 2 2 2 | = 165(5 - 012034)(5 - 613024)(5 - 014023),
a1 azg: 0 a3y
2 2 2

@y G2 a43 O

which is sixteen times the square of the area A’ of a triangle with the sides numer-
ically equal to the products aiss:, @i3aes, and aaass, (2], and S=3(a1as+anamx
—+a14a03) =half-perimeter of the triangle. Therefore R;=A’/67.

Question: What, if any, is the geometric interpretation of D, n>3?

References

1. D. M. Y. Sommerville, An Introduction to the Geometry of # Dimensions, Dover, New

York, 1958, p. 125.
2. Nathan Altshiller-Court, Modern Pure Solid Geometry, Macmillan, New York, p. 248.

ON DEFINING THE SINE AND COSINE
MARLOW SHOLANDER, Case Western Reserve University

If we wish to divorce trigonometry from intuition, we may define the sine
and cosine by power series, by differential equations, or we may define their
inverse functions by definite integrals. With these methods the circular func-
tions are not available to illustrate the theory which precedes a theory of series,
of integrals, or of differential equations.

It is not generally known that, through Fibonacci series, we have a way of
introducing these functions at a lower level. The author has been unable to
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verify a conjecture that Sierpinski has described this method, or its equivalent.
The process, briefly given below, seems worthy of wider publicity.

We define {ao, @y, + -+ by by, - - - } as a Fibonacci trigonometric double
sequence, or an FTD sequence, if

(1) a =1, by =0, ai+bi=1s
(2) Ant1 = 2a10, — Ap—1,
(3) bn+1 = 2(11bn _— bn—l-

The following lemma, trivial for =0 and # =1, is proved by induction.
LeMMA. In an FTD sequence, we have for n=0, 1, - - - | that

Qni1 = QnG1 — bnbl,

bn+1 = anbl + bnab

After verification for k=0 and & =1, the following theorem is easily proved by
induction on k.

THEOREM 1. An FTD sequence is cosinusoidal over nonnegative integers, i.e.,
1t admits the identities

(4) a+b=1,
(5) Antk = Qnlp — bnbk,
(6) bpir = bnar + anby.

Other identities follow in ways made familiar by trigonometry.

COROLLARY. Since an FTD sequence is cosinusoidal over nonnegative integers,
we have for such subscripts that

(6) Gnt = GnGr + bubg,
©) bnt = buk — @uby,
) Cnik + Cuc = 20004,
) Gnik — Qnt = — 2b,by,
(10) buyr + bo = 2baay,
(11) bupr — bt = 20,0y,
(12) a2+ as+ -+ -+ @20 = Gnp1bn/bs.
Given an FTD sequence {ao, CRIREENY TR } we may form another, say
{Ao, -+ 3By - }, called its bisection, as follows. Let 4¢=ay, Bo=b,,

1+ a 1 —a
A1=,‘/ !, and Bl=1/ L.
2 2

Let the remaining terms be defined by recursion relations (2) and (3) with small
letters replaced by caps.

The next theorem is rather immediate. For example, since 4 =aand 4:=a,,
we have by induction that Ay, =24349, — Aon—2=2010r —Cn_1=Gny1.
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THEOREM 2. If FTD sequence {ao, c e o3 bg, o vt } has bisection {Ao, cee
By, - - - } then Asn=a, and Ben=0,. If the former has (minimal) period p=2",
SO Qnyp=0n ONA Dpip= by, then the latter has period 2p.

To avoid a profusion of subcases we now consider a special FTD sequence
and its successive bisections, namely

Si=1{1,—-1,1,—1,---3;0,0,- - -},
S = {1,0,—1,---;0,1,0,- - - },
Ss = {1,1/4/2,0,- -+ ;0,1/4/2,1, - - - }, -+ -.
Clearly S, has period 2" and, for #>1, a “first quadrant” identified as
On = {ao, cee g by, e ,bq}
where ¢=2%"2,4,=0, and b,=1.
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Aopy1 > A1 = (A + Aony2)/2 > Ao
Finally, Ag > Ay, since
By, < (Baw + Bory2)/2 = A1Bay1 < Bopga

We may extend S, to T, a two-way FTD sequence, by defining a¢_,=a,
and b_,,= —bn,. The proof of the following is straightforward.

THEOREM 4. T, is cosinusoidal over the integers.
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large. We may easily prove

THEOREM 5. Functions C(r) and S(r) are cosinusoidal over the set of dyadic
fractions. Both have period 1. In their first quadrant, 0 <r <1/4, C(r) decreases from
1 t0 0 and S(r) increases from 0 to 1.

For |7] <1/8, we have C()>1/+v2 and |S(/2)|=]|S)|/2C(r/2)
<|S()|/+/2. Hence | S(r/4)| <|S(r/2)| /v/2<|S()| /2, etc. We obtain

THEOREM 6. lim,..o S(r) =0 and hencelim,.., C(r) =1.

COROLLARY. C(r) and hence S(r) are uniformly continuous over the dyadic
fractions.

Proof. We can make | C(n)— C(?’z)l = 2| S(rl—l-rz)S(rl—rz)l < 2[ S(ry—1s) l
arbitrarily small by choosing | 71 —rzl sufficiently small.
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The corollary permits us to extend functions C and S to the real domain. We
define ¢(x) =lim,... C(r) and s(x) =lim,., S(r). We then have

THEOREM 7. Functions c¢(x) and s(x) are cosinusoidal over the reals. They
inherit the properties listed in Theorems 5 and 6.

In proving the following theorem we must introduce a definition of .
THEOREM 8. lim,.o s(x)/x =2m.

Proof.We may assume x>0. We consider theaverage M, = (1/n) X s_,c(k/4n).
InQuadrant I, ¢(x) decreasesanditisconcavesincec(2x) +c(2y) =2¢(x+y)c(x —y)
<2¢(x+7y). It thus follows that M, increases with #. Since M,<1 for all n,
lim,., M, exists. We define 7 =2/lim M,. We have by (12) that

= (57) () /@)

Hence 8ns(1/8n)=8c(n+1/8n)s(1/8)/ M,~—4c(1/8)s(1/8)r =27 as n— .

We have shown, for x,=(1/8#n), that s(x,)/x,—27. But for 0<x<1/8, we
may choose # such that x,411Sx<x,. Then s(xnq1)/x.<5(x)/%x<5(%n)/%Xns1 and,
since the outer fractions have a limit 2, the theorem holds.

We now define cos x=c¢(x/27) and sin x=s(x/2w). We have returned to
traditional ground.

THEOREM 9. Cos x and sin x are cosinusoidal over the reals. They are uni-
formly continuous. They have period 2w and are monotonic in the first quadrant,
0=x=7/2. We have lim,..o (sin x/x) =1.

The initial restriction aj45bj=1 in (1) serves, of course, to eliminate FTD
sequences associated with functions which are products of exponential and circu-
lar functions. The independent variables we have used may be identified with
angles if we wish. We may let Po=(1, 0) and P, = (@, b,) where {Pn} is uni-
formly spaced on the unit circle and use elementary geometry to establish that
{ao, a1, + - - ; bo, by, - - - } is an FTD sequence.

Our introductory paragraph did not refer to the method of using functional
equations. That such a treatment can be elegant is shown by the paper 4 New
Approach to Circular Functions, w, and lim(sin x)/x by G. B. Robison in the
March 1968 issue of this MAGAZINE. For the purpose of founding analysis, how-
ever, such methods have the undesirable feature of assuming that solutions of
the functional equation(s) exist.

A NOTE ON LINEARITY
H. BURKILL, University of Sheffield

1. Dieudonné’s book [1] on real and complex analysis has led to a wide-
spread interest in the modern theory of differentiation, which is now included in
many undergraduate curricula. The basis of this theory is the notion of linearity;
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and the purpose of the present note is to show how the teacher can illustrate the
idea by using it to explain two elementary results on complex numbers and func-
tions. The first is the isomorphism of the set C of complex numbers with the
set of real 2 X2 matrices of the form

M (o Z)

the second is the Cauchy-Riemann condition for the differentiability of a com-
plex function.

2. Let ¢ be the natural bijection between the points of the Euclidean plane
R? and those of C. If EC R?, we denote the corresponding subset of C by E*.
The bijection ¢ between points induces a bijection ® between the functions with
domain and range in R? and those with domain and range in C: a function f:
E—R?, where EC R?, is of the form f = (u, v)7, where u, v are real-valued func-
tions on E; the corresponding function f*: E*—C is then f*=u*-}w*, where
the real-valued functions #*, v* on E* are given by

w*(z) = u(x,y), v*(z) =v(x,9) (z3=2x+1iy €& E").
It is easy to see that
(afr + bf))* = of* + bfF (a,6 € RY), (frofa)* = fifo fi

When R? and C are also endowed with their usual metrics, then ¢ is an
isometry between the resulting metric spaces. One consequence is that cor-
responding functions f, f* are either both continuous or both discontinuous.

As vector spaces R? and C differ: R? is two-dimensional (over R!), and C is
one-dimensional (over itself). It is therefore to be expected that ® does not make
linear functions correspond to linear functions. In fact, if the complex function
g*¥=A*+44u* is linear, then the corresponding function g=(\, u)7: R?>—R? is
linear, but when g is linear, then g* is not necessarily linear. If A, u are given by

(2) A(9‘:, y) = ax + by, :u(x7 y) =cx+ dy ((x7 y)T € R?),

then a necessary and sufficient condition for g* to be linear is that g*(iz) =1g*(2)
for all z&EC, i.e., that
a=d and b= —c

When this condition is satisfied, then
3 () =az (€ 0C),

where a =a-+1b. ‘

We denote the set of complex linear functions by £* and the set of cor-
responding linear functions on R? to R? by &£. This correspondence is an iso-
morphism with respect to addition and composition.

The linear function g= (\, u)? given by (2) is represented by the matrix

¢
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The correspondence between the set of all linear functions on R? to R? (of which
£ is a proper subset) and the set of all 2 X2 matrices is an isomorphism in which
addition and composition of linear functions correspond to matrix addition and
multiplication, respectively. It follows that both £ and £* are isomorphic with
the set M of real matrices of the form (1). But £* is also isomorphic with C
(with addition and composition in £* corresponding to addition and multiplica-
tion in C). Hence the bijection between C and M in which ¢+17b corresponds to
the matrix (1) is an isomorphism with respect to addition and multiplication in
the two systems.

3. The function f= (#, 9)T: E—>R2?(EC R?) is differentiable at the interior
point (xo, ¥0)7 of E if there exists a linear function g: R2—R? such that

(4) ”f(xo + E; Yo + "7) - f(xo, yo) - 8(5, 77)”/”(&7 7])” —0 as “(E, 77)” - 07

where || -|| denotes the usual norm of R2. When f is differentiable at (xo, ¥0)7, then
the partial derivatives of u, v exist at (xo, )T and g is represented by the matrix

(Dlu(xO, yo) Dzu(xo, yo)>
Dyv(wo, ¥0)  D2v(vo, ¥0) .
Now (4) is equivalent to

{ff(z0+§) — 1*(2) — g*©)}/t >0 as ¢ —0,

where zo=x9+1y0, { =£-}+19; and, by the discussion of the previous paragraph,
g*is linear (i.e., of the form (3)) if and only if g is linear and also

5) Dyu(x0, ¥0) = Dav(x0, ¥0), Dyu(xo, y0) = — D1v(xo, y0)-

Furthermore, the differentiability of » and v is a necessary and sufficient condi-
tion for f= (u, v)7 to be differentiable ([2], p. 101). Hence we arrive at the well-
known proposition that the complex function f* =#*+414v* on E* is differentiable

at the interior point 2o =x0-}%y, of E* if and only if the functions #, v: E—R!?
are differentiable at (xo, ¥0)7 and satisfy the Cauchy-Riemann equations (5).

References

1. J. Dieudonné, Foundations of Modern Analysis, Academic Press, New York, 1960.
2. W. H. Fleming, Functions of Several Variables, Addison-Wesley, Reading, 1965.

A REPRESENTATION FORMULA FOR THE SOLUTIONS OF
THE SECOND ORDER LINEAR DIFFERENTIAL EQUATION

E. J. PELLICCIARO, University of Delaware

Let  and ¢ be continuous functions on a bounded closed interval I contain-
ing xo. It is the purpose of this paper to give a simple existence and uniqueness
proof for the initial value problem

1) y' ' —py —qy=0, y(x) =y, ¥ () =90,
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¥o and yJ arbitrary numbers. A product of the proof is a representation formula
for the solution of (1). That the representation formulais indeed a solution under
the hypothesis stated can be verified by direct substitution into (1).

A function ¢ on I is a solution of (1) only if ¢’ and ¢’’ exist on I and

¢"'(x) — p(x)¢'(x) — g(x)¢(x) =0, axE&1.
From this, then,

D46 exp (- [ p0) = a(wroe) exp (- [

0

Fo d«u) ,

0

so that, since ¢ is continuous on 1,

o e (- [ :p<v>dv) = 5 + fz:q<s>¢<s> e (- [ :p@)dv) ds.

Thus, upon setting E(x) =exp [Z,p()dvand E-'(x) = 1/E(x), one has
) #6) = £ 54 + | :ws)q(sws)ds],
which implies

®  s@ =yt [ mout [Tf :Ea)ms)q(s)qb(s)dsdt

for x & I. Conversely now, suppose ¢ is continuous on I with (3) holding for x & 1.
Then it follows from (3) that ¢’ exists and in fact that ¢’ is given on I by (2).
Whence, from (2), ¢’ exists and, by simple inspection, ¢’ = p¢’+g¢; moreover,
from (3), ¢(x0) =v¢, and from (2), ¢'(x0) =9¢. Thus, ¢ is a solution of (1),
completing the proof of the following:

THEOREM 1. A continuous function ¢ on I is a solution of (1) if and only if
(3) holds for x&1.

Thus the problem of solving (1) is equivalently replaced by the problem of
finding a function ¢ continuous on I for which (3) holds for x&I. The form of
(3), an integral equation, is considerably simplified with the introduction of the
operator S defined for continuous functions f on I by

Sf(x) = fzftE(t)E“(s)q(s)f(s)dsdt, x e 1.

Indeed, (3) is a special case of ¢(x) =f(x) +S¢(x), x €I, or equivalently,
4) ¢ = f+ 59,

where f is restricted to the set of continuous functions on I. The operator .S, and
therefore the corresponding integral in (3), plays a singularly important role in
generating a function ¢ satisfying (4), hence in solving (1).

Note that .Sf is a continuous function on I if f is, in which case so is SSf.
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With this in mind, operators S*, iterants of S, are defined inductively for con-
tinuous functions f on I in the following way. Set

Sf=f Sf=5f,
and then
Srf =SS, n=12 .-

Pertinent properties of S» are given below in the form of three lemmas. As their
proofs are straightforward, they are omitted.

LEMMA 1..S% is a linear operator. That is, if f1, - + + , fi are continuous functions
on I, then

S'afit - -+ afi) = S+ -+ aSe
for any set ¢1, - - -, cx of numbers.

LEMMA 2. Let f be continuous on I, hence bounded on I by say M. Then S*f is
continuous on I; moreover, there exists K such that | S"f(x)l < MK"*/n!for n=0, 1,
2, -andx&1.

LEMMA 3. If f is continuous on I, then the series Y o S"f converges uniformly
to a continuous function on I.

Having disposed of the preliminaries, we give below the main theorem con-
cerning (4):

THEOREM 2. Let f be continuous on I. Then there exists one and only one con-
tinwous function ¢ on I such that ¢ =f+S¢; indeed, p = I o S*f.

Proof. Define
¢ = f

and then
¢n=f+5¢n—1, n=1’2,"

In view of Lemma 1,
On = ZS"f
k=0

But the sequence {qb,.} is the sequence of partial sums defining the series
o S*f, which by Lemma 3 converges uniformly to a continuous function ¢
on I. That ¢ =2 n o S"f satisfies (4) follows from

F4Sé=f+SS sy

n=0

=+ Sy

n=0

=SY+ 25 =9,
n=1
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the second equality holding because of the uniform convergence on I of > S*f.
To show that it is the only such continuous function, suppose there are two, say
¢ and ¢. Then

o —¢ =S—1).
But this implies by induction that
¢_¢=Sn(¢__¢),n= 1;2;' tt .

This in turn implies by Lemma 2 that, for some M and K,

n

MK
I¢(x)-—-a[/(x)[§ — n=0,1,2,--+- and x&1I.
n!
Hence, for x&1,
. MK~
| ¢(=) —¢(@) | = lim — =0,

implying ¢ =¢.
COROLLARY. 4 function ¢ is a solution of (1) if and only if

) o) = S5 (+2i [ Bow),  wer

n=0 [}

A pair of linearly independent solutions of (1) obtained from (5) is the pair

ww=1+["[ :IE(mE-l(sl)q(sodsldn
+f [ :2E(tz)E—‘(s2>q(s2> 1) 1) :lE(tl)E—1<s1)q(s1>dsldzlds24t2 b
w@ = [ s+ [ [ "m0 [ osasas
[ [ [ s

81
f E(f)dfdsldt1d82dt2+ LA
z0

It is not at all difficult to compute ¢’ directly from (5), formally or by
reference to convergence theorems, to obtain (2) and then to conclude as in the
last part of the proof of Theorem 1 that ¢ as given by (5) is a solution of (1), by
direct verification.

This paper was presented to the North Carolina Academy of Science at its 65th annual meet-

ing at the University of North Carolina at Greensboro, North Carolina, May 10 and 11, 1968.
Realization of the results reported was made possible by the support of NASA Grant 08-001-016.
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A NOTE ON THE EQUIVALENCE OF
FIVE THEOREMS IN ANALYSIS

ROBERT H. KUPPERMAN, Institute for Defense Analyses
and HARVEY A. SMITH, Oakland University, Rochester, Michigan

While all true theorems are logically equivalent (given the axioms) it is
frequently useful to demonstrate particular paths by which a cluster of related
theorems can be shown to imply one another cyclically. In this note we point
out that it can be shown that the Weierstrass approximation theorem=mean-
square convergence of Fourier series of continuous, periodic functions=uniform
convergence of Fourier series of continuously differentiable periodic functions
=the uniform convergence on finite intervals of the Fourier integrals of inte-
grable, continuously differentiable functions

1 0 -]
= —iak iaz—a’
—u(s, ) = — f_m f g

is a solution to the heat equation #,, = u,; with initial condition
u(x, 0) = f(x)

=the Weierstrass approximation theorem, thereby completing the cycle.

The arguments used are relatively elementary, the most complicated result
cited being the fact that continuous functions can be uniformly approximated
by continuously differentiable ones which is used in the final implication.

Use of the Weierstrass theorem to show mean square convergence of Fourier
series to continuous periodic functions is quite usual and can be found, for in-
stance, in [1]. To show uniform convergence of Fourier series to continuously
differentiable periodic functions (following an argument given in [1]), we pro-
ceed by computing Fourier coefficients v, for the continuous derivative, f’, and
integrating by parts to get v, =1nC,, where C, are the Fourier coefficients of the
function f. From mean-square completeness of the Fourier series we have

1 L 0 0
L r@ba= £ Inl= £ el
Employing Schwartz's inequality we have

2 | Cae| =

0<psinlsq 0<psinisgq

(5O (o0
<4/ ([ 1@l

which establishes uniform convergence.
While “heuristic” arguments leading from Fourier series to Fourier integrals
are frequently presented in textbooks, they are seldom carried through in a

81

J— .-Yneim:
i
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rigorous manner because the authors feel the results can be established more
easily by proceeding directly. Zygmund, however, ([2], Vol. II, Chapter 16,
Section 1, Theorem 1.3 et seq.) gives an elegant, simple and elementary proof
that pointwise convergence and uniform convergence on finite intervals reduce
to the same question for the Fourier series. This proof involves only elementary
results, such as the mean-value theorems and the Riemann-Lebesgue lemma.
Using Zygmund's approach we can easily establish that the Fourier integral of
a continuously differentiable and absolutely integrable function converges uni-
formly to the functions on every finite interval.
Using this fact it is easily established that the function

1 o0 «Q
= — ~—~taf Sorzece®
u(x, 1) . f.,,, fwf(é)e dte tdo

satisfies the conditions

Uw = U fort> 0
and

u(x, 0) = f(x)

whenever f(x) is continuously differentiable and (absolutely) integrable.

It is also readily verified that the function u(x, £) is analytic with respect to
x and £, all x and for ¢>0. Given a continuous function on a compact interval,
it can be approximated uniformly by an integrable, continuously differentiable
function f. By choosing sufficiently small £, this in turn is uniformly approx-
imated by u(x, ¢), and since % is entire analyticin x, it is uniformly approximated
by polynomials in x, which establishes the Weierstrass theorem. The last two
steps of our cycle of implications are based upon arguments given by F. John in

(3]
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AN ALL-PURPOSE, ‘FLOATING-POINT’ CHART FOR THE
ELEMENTARY ARITHMETIC OPERATIONS

C. R. WYLIE, JR., University of Utah

1. Introduction. In this day of slide rules, desk calculators, and electronic
computers, there is little or no practical justification for a chart designed to
expedite the elementary arithmetic operations. However, a chart consisting of
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imated by u(x, ¢), and since % is entire analyticin x, it is uniformly approximated
by polynomials in x, which establishes the Weierstrass theorem. The last two
steps of our cycle of implications are based upon arguments given by F. John in
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AN ALL-PURPOSE, ‘FLOATING-POINT’ CHART FOR THE
ELEMENTARY ARITHMETIC OPERATIONS

C. R. WYLIE, JR., University of Utah

1. Introduction. In this day of slide rules, desk calculators, and electronic
computers, there is little or no practical justification for a chart designed to
expedite the elementary arithmetic operations. However, a chart consisting of
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a single curved scale on which addition, subtraction, multiplication, division,
and the extraction of square roots can all be carried out in a simple fashion with
respect to an arbitrary point of the scale as origin and an arbitrary interval of
the scale as unit interval would seem to be of some mathematical and pedagogi-
cal interest. Such a device is described in this note.

F1G. 1.

2. The construction and use of the chart. Let / be an arbitrary line bearing a
uniform scale, let I' be an arbitrary nonsingular conic, let P be an arbitrary
point on T' distinct from the intersections of / and I' (if any), and let the scale
on [ be projected onto I' from P. The chart then consists of T, as now graduated,
together with the tangent ¢ to I' at the second intersection, P,, of I' and the
line through P which is parallel to /. Figure 1 shows a chart corresponding to the

choices l:x =0, T':x2+492=1, P:(1, 0).
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To use the chart to find the sum of two numbers, a and b, first select an arbi-
trary point of I', distinct from P, to be the origin O of the scale on I', choose an
arbitrary unit point I, also distinct from P, and locate the points, 4 and B,
which correspond to the values ¢ and b. Next determine the intersection 7" of
AB and the tangent ¢. The sum a4 is then the scale value of the second point
in which the line OT intersects I'. This construction is illustrated in Figure 1.

The obvious way to compute ¢ —b is to find the sum of ¢ and —b, as de-
scribed above. Alternatively, we can locate the points 4 and B corresponding
respectively to the numbers ¢ and b and then solve the equation x+4b=a by
first determining the intersection T of O4 and ¢, and then reading x =a —b from
the second intersection of BT and T'.

To use the chart to find the product of two numbers, 7 and s, first locate the
corresponding points R and S with respect to an arbitrary origin O, and an
arbitrary unit interval OI. Next determine the intersection U of RS and OP,,.
The product 7s can then be read from the second intersection of UI and I'. This
construction is also illustrated in Figure 1.

The obvious way to compute the quotient 7/s is to compute the product of
r and 1/s. Alternatively, we can solve the equation sx =7 by locating R and S,
then determining the intersection of OP, and RI, and finally reading x=7/s
from the second intersection of OS and T'. It is interesting to note that the con-
struction for »/s leads to P, if s=0 and r0. If »=5=0, the construction is
appropriately indeterminate.

To compute /7, that is, to solve the equation x%=r, we first locate the point
R corresponding to the number 7, and then we determine the intersection U
of RI and OP,,. Finally, we read ++/7 from the points of contact of the tangents
to I from U. It is easy to verify that if 7 is negative, that is, if R is a point on
the opposite side of OP,, from I, then U lies in the interior of I and no tangents
can be drawn from it to I'. Thus if #<0, v/7 is ‘imaginary.’

3. The mathematics behind the chart. Each of the properties of the chart we
have described can be verified by at worst a tedious application of the processes
of elementary analytic geometry. However, a more elegant and satisfying justi-
fication is provided by certain results from projective geometry.

It is well known that if three distinct points, Py, Pi, P, are chosen arbitrarily
on a line /, in the projective plane, and if the sum of two points, 4 and B, is
defined to be the mate of Py in the involution in which 4 and B are correspond-
ing points and P, is self-corresponding, and if the product of two points, R and
S, is defined to be the mate of P; in the involution in which (R, S) and (P, P.,)
are two pairs of corresponding points, then under these operations the set of
points belonging to ! — P,, is a field. Furthermore, if /— P, is a line of the euclidean
plane, that is, if P, is the ideal point on J, then the points Py, Py, Py, P3, - - - de-
fine a uniform scale on /— P, which can be generated equally well by taking any
one of its points to be P,. When the scale on / is projected onto a conic I, from
a point P onT', the point P, projects into the point P, which is the second inter-
section of I" and the line on P which is parallel to /, and of course the involutions
which define sums and products on ! become corresponding involutions on T'.
Finally, since an involution on a nonsingular conic is simply a perspective trans-
formation of the conic into itself, the justification of our constructions is clear.
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EVALUATION OF DOUBLE INTEGRALS
BY MEANS CF THE DEFINITION

PETER A. LINDSTROM, Genesee Community College

Quite often when a beginning calculus student studies the double integral, he
is confronted with statements such as the following: “The definition of the
double integral is useless as a tool for evaluation in any particular case.” [2, p.
743]. “Asin functions of one variable, it is difficult or impossible to find the value
of a double integral from its definition alone.” [3, p. 630]. “Its usefulness as a
working tool would be limited, however, if it were necessary to resort to the limit
of sums to find numerical answers to specific problems.” [4, p. 731].

How is a student to interpret statements such as these? Is he to disregard the
definition of the double integral or is he to get the impression that it can never
be used to evaluate a double integral? The examples presented in this paper
should aid the beginning calculus student to understand the definition of the
double integral, to see how it actually can be used to evaluate a double integral,
and to see an application of the double integral.

DEerFINITION. Consider a function f of two variables defined over a region R in
the xy-plane. With lines parallel to the coordinate axes, form rectangles that will
cover R. Let n be the number of rectangles that lie wholly inside of R or on the
boundary of R. These n rectangles are said to form a partition of R. For 1=1, 2,
3, -+, m,let A;bethe area of the ith rectangle and (x., y:) be an arbitrary point in
this rectangle. Let 8, called the norm of the partition of R, be the length of the longest
diagonal of the n rectangles of the partition of R. Let Vo= D v i f(xs vi)Ai If
lims,o V, exists, then f is said to be integrable over R and this limit is called the
double integral of f over R, it being denoted by [[rf(x, y)dR.

In work beyond the beginning calculus course, two important things are
proved about the double integral. They are:
(1) If f is bounded and continuous over R, a region with area, then f is
integrable over R [1, p. 338].
(2) The value of lims,o 2 ri f(xs, ¥:)Ai=[[rf(x, ¥)dR is independent of the
partition and the arbitrary point chosen from each rectangle [1, p. 339].
These facts are used in the examples that follow, just as these facts are presented
to the beginning calculus student when he studies the double integral.

Example 1.

ff (x*+9YdR=12/3, R={(x,9)|0<x=<1and0=y=1}.
B

In the xy-plane, consider the lines x=(j/p), j=0, 1, 2, - - -, p and y=(k/p),
k=0,1,2, - - -, p to form a partition of squares of R. The area of each square
is (1/?2) and 5=\/2/P Let (]/P’ k/P)vj=1» 2: 31 ) Pand k=1v 2v 3, Sty P

be the points in each square. Then,

Vo = if(xl'; yi) A,

i=1

85
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<
- S(EE D)%

= \p? PP

12 + D2y +1
—Z(M )6(z> )+k2p>’

4
=<?4>p<p+ D@+ 1)21+ S

6 k=1 3 i1

_petner+ Y (_)p(p : nEp+ 1)
6p3 p3 6

(@)

When p— o, then

6= —\ﬁ —0.
?
Hence,
f (s + 3?)dR = lim <-1-> (1 + i) (2 + i) = 2/3.
Example 2.

f (%2 + y?)dR = 1/6, R={(x,y)logxéland0§y§x-—1}.
R

In the xy-plane, consider the lines x=(j/p), j=0, 1, 2, - - +, p and y=(k/p),
k=0,1,2, .-, p to form a partition of squares of R. The area of each square
is (1/p%) and 8=(~/2/p). Let (j/p,k—1/p),7=0,1,2, -+ -, p—Fkand k=1, 2,
3, + + -, p be the points in each square. Then,

= if(xn y9) A

-5 5
4 (k-—l)

-E(EG+5)

-~ 2(Er+e-1Ey),

Pt o1\ jmo =0
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12 /p-Be—k+DCe-H+D
_ . g( - 4+ (& — 1)2(p k))’

( 8)k=1k3+<121>+15)i (6p +18p+7)ik

k= 6 k=1

2p3 4 3p% 4+ 7,

+<P+P P)Zl)
6p4 k=

) L)
@O+ R () (D)5 +5)

When p— 0, then
§ =——0.

It

\/

Hence,
ff(2+ par = 42— Ll
x =—T——— T == .
R Y 3 3 2 3
Example 3.
ff(x+y)dR=7/20, R={x9]|0<x=1and 0=yc= a2}
B

In the xy-plane, consider the lines x=(j/p), 7=0, 1, 2, - - -, p and y=(k/p?),
k=0,1,2,--,p2—1, p? to form a partition of rectangles of R. The area of

each rectangleis 1/p*and 6 = (1/p2) P2 +1. Let (p—k/p,j/p?),7=1,2,3, - - -,
(p—Fk)2and k=0, 1, 2, - - -, p—1 be the points in each rectangle. Then,

= i S, 35) 43,

=1

(T )
E(E G
1

SECHE LY
=pi,, (( ) k)2+p (p—k)%(pz— B+ 1)),
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1 p—1 p—1 12152 + 1\ 2!

Y 13 B2

(@) 2 (G e+ () 2
(10p3+2p>1§k 4 < P4+P)’§1

k=0

=@ (-2 -3) 002 G -5)-3)
-(D0-3) @) -5)6-3)
(@00 (=) + G e -3)

When p— =, then 6= (1/p2)+/p2+1—0. Hence,
f (+)¢le—1 3+2 54-3—7/20
AR 2 2 T

In each of the above examples, the function f was chosen so that f(x, y) =0
for all (x, y) in R. In each example, V, gives an approximation of the volume of
the solid whose base is R and whose upper surface is the graph of f. Then lims.
Va=[[rf(x, )dR gives the exact volume. Hence the value of the double integral
in each example is the volume of a solid. A student’s intuition usually tells him
that a plane, or any portion of a plane, has a volume=0. This can be readily
shown by a double integral, evaluating it of course by means of the definition.

Example 4. Show that the portion of the plane y =x, bounded by the surface
=x2-+42, the plane 2=0 and the plane x+y =2 has zero volume.
In terms of a double integral, this would be evaluating [[z(x2+y?)dR, where
={(x, y)|0<x<1 and y= x} In the xy-plane, consider the lines x=(3/#)
and y=(i/n),2=0,1,2, - - -, n to form a partition of the unit square in the first
quadrant. Consider only those # squares which cover the region R. The area
of each square is (1/#2) and 8 = (v/2/n). Let (x:, y:) = (i/n,i/n),1=1,2,3, - - -,
n be an arbitrary point in each square. Then,

Vi = 2 f(xs, 99 Ay,
=1
n 2 7\ 1
-2 D)
BB

(66
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When n— «, then

2
6=\—/——>0.
n

Jf 6+ ir - (%) OWQ) = 0.

Although the computations involved in each of these examples can be time-
consuming, they certainly are not impossible to handle. These examples should
help one to better understand the definition of the double integral, to show how
it can be used to evaluate such, and to show one of its applications.

Hence,
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AN ARITHMETICAL PROBLEM INVOLVING THE
SUM OF INTEGERS IN A.P.

SAMUEL S. H. YOUNG, University of Hong Kong

1. Introduction. In [2], Sutcliffe considered the problem concerning integers
N to base n obtained by reversing the digits of N such that 2N = N for some

integer k. Using the symbol (a;, @s—y, * * -, @2y G1)n, @520, to denote an integer of
1 digits to base #, the author obtained the following theorem for the 2-digit case:
“If k(a, b)n= (b, @)n, then k(a,a+b, - - - ,a+b,0),=(b,a+bd, - - - ,a-+b,a),

where any number of digits equal to a+b may be introduced between a and b.”

If we restrict our attention to integers to base 10, the problem is actually not
new; in fact, for k=4 and 9, the solutions 4X2178 =8712 and 9X1089 =9801
were given by Burg [1, p. 464]. Somewhat similar to Sutcliffe’s 2-digit case, it
is interesting to note that if we insert the digit 9 any number of times between
the first two digits and the last two digits in either of the above two solutions,
the resulting integers again have the required property, that is,

4 X 21(9,)78 = 87(9,)12, 9 X 10(9,)89 = 98(9,)01,

where the symbol (9,) denotes 99 - - - 9, s=1.
\"ﬂ_/

s times
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We observe that there are other arithmetical problems, besides the ones men-
tioned above, which possess extensible solutions. This means that corresponding
to a certain solution N=LM of the problem, where LM denotes the integer
formed by annexing the digits of M to the right of L, there are also solutions of
the form N,=L(g,) M for some digit ¢ and any positive integer s. We say that
L(g:) M, s= 1, are extended solutions of LM. In particular, N(g,), s21, are ex-
tended solutions of N. (Note: The product of L by M will be denoted by L-M.)

We shall treat in this paper an interesting arithmetical problem which pos-
sesses extensible solutions. It involves the sum of integers in A.P.

2. Statement of the problem. Consider a sequence of positive integers to
base 10 in A.P. Let L be the first term, M the last term, d the common difference
and N the sum of the sequence. Then

1) N=(L+M) (M~ L+ d)/2-d.

If we require that the sum of the sequence is equal to the integer formed by an-
nexing the digits of the last term to the right of the first term, then the problem
possesses extensible solutions in pairs. In more detail, we assert that if
L=L'L", M=M'M", then corresponding to a certain solution N=LM of the
problem, there are also solutions N, = L, M,, where L,=L’(¢,)L"", M, = M'(r,) M"',
s=1, and the digits ¢ and r may or may not be distinct.

3. General scheme of solution. Assume that M is an integer of m digits.
Then N=10"-L+ M, and by simple computation, we can put (1) in the follow-
ing form:

2 L+ M+ @10 —1)-d) (L — M+ 10m-d) = 107 (10" — 1)-42.

If we denote the first and second factors on the left hand side of (2) by 4
and B respectively, we obtain

{L = (44 B — (2:10 — 1)-d)/2,
M=(4—B+d)/2.

Since A—B=2-M—d<2-10m—d, A-B=10™-(10"—1)-d2, we have
4) A2 — (2-10m — d)- 4 — 10™-(10™ — 1)-d2 < 0.

)

The discriminant of the above quadratic expression in 4 is less than (2-10m—1)?2
-(d?2+41), and so 10™: (14 +/d?+1) is an upper bound for 4. Also, 4 =10=-d4+L
+M—d>10m-d. Thus,

(5) 10m-d < 4 <10™- (1 + +/d%* + 1).
By (3), it is clear that 4 and B are both even if d is even but are of different

parity if d is odd. With this observation and using (5) as a necessary condition,
we can determine L and M so that N=LM is a solution of our problem.

4. Some special cases. We give examples of some special cases as follows:

(i) d=1, m=1: For this simple case, the following solutions are well known
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and can be easily obtained without resorting to our method:
a. 1+2+3+4+5=15,
b.2+34+445+647=27.

(ii) d=1, m=2: In this case, we have 4B =9900=22.32.52.11, Since d is
odd, either 4 or B must be odd. Furthermore, we have 100<4 <242 by (5).
There are only five pairs of values (4, B) for which these conditions are satisfied,
namely, (75, 132), (60, 165), (55, 180), (45, 220) and (44, 225). Correspondingly,
we have indeed the following solutions to our problem:

a. 44+ 5+ ---429= 429,
b. 13+ 144 .- 453 =1353,
c. 18+ 19+ ---+ 63 = 1863,
d. 33+34+ - .-+ 88 = 3388,
e. 354+364+ ---4+91 =3591.

(iii) d=2, m=2: Proceeding as in (ii), we obtain three solutions in the pres-
ent case:

a. 1+ 3+ ---4+21= 121,

b. 8410+ ---+58 = 858,
c. 174194 ---+85=1785.

For other values of d (positive or negative) and 7, examples can be obtained
by using a similar method.

5. Extensible solutions. Let us consider example 4(i)a. By annexing the
digit 3 to the right of the first term and also to the right of the last term, the sum
of the new sequence of consecutive integers is 1353, which is just 4(ii)b. In fact,
4(i)a has the following extended solutions:

13s) + 1@Be—)d + -+ - 4+ 5(35) = 1(3:)5@3), sz1.

Not every solution of our problem is extensible, for instance 4(i)b. We shall
show that all the three examples under 4(iii) are extensible, leaving the remain-
ing examples under 4(ii) and other cases for the investigation of the reader.

For d =2, we have 4-B=2mt2.32.5".(1,,). By (5), the value of 4 must lie
between 2-10™ and (1+\/§)~10’”, and hence, 27t1.5m< 4 <2m.34.5m~2 Since
A, B must both be even, the possible values of (4, B), without considering the
factors of (1), are (22-5-(1,), 2m-32.:57"1), (23-3- (1), 2™1.3.5m), (2m.3.5m,
22.3-(1,)) and (2m—2.32.5m, 2¢-(1,)). Corresponding to the first three pairs of
factors, we have

a. L=1(1ms), M =21(1n),
b. L = 8(3,”_2), M = 58(3m_2),
c. L= 1(6m._2)7, M = 8(3m_2)5,
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which are extended solutions for examples a, b and ¢ under 4(iii) respectively
for m = 3. The pair of factors 27—2.32.5™ and 24-(1,,) leads to extended solutions
of the following sequence:

139 4+ 141 + - - - + 2363 = 1392363.

6. Concluding remarks. Our problem as well as that considered by Burg
and Sutcliffe belong to a class of problems involving the properties of the digits
of integers. Such problems are fascinating but are usually not very easy due to
lack of general method of approach. By limiting the range of values to be con-
sidered, as illustrated in our discussion, solutions by elementary means can be
achieved in some instances. Nevertheless, it is to be noted that there are seem-
ingly simple problems of similar nature, solutions of which have resisted the
efforts of even great mathematicians!
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A COMPARISON OF THE ARCHIMEDEAN AND
COMPLETENESS PROPERTIES

JACK M. ROBERTSON, Washington State University

Another interesting equivalent statement of completeness for ordered fields
was recently added by Moss and Roberts [1] to the already long list. The Archi-
medean property can also be stated in a similar way and an interesting compari-
son of the two properties results.

Let F be an ordered field.

DEFINITION 1. A relation p is locally universal if for each x © F there is a neigh-
borhood N, of x such that upy whenever u, v&= N,.

DEFINITION 2. A relation p is uniformly locally universal if there is an a >0
such that for every x& F, upv whenever u, v& (x —a, x+a).

Note that a relation satisfying the second condition satisfies the first.

THEOREM 1. F is complete if and only if every transitive locally universal rela-
ton 1is universal.

Proof. See [1].

THEOREM 2. F is Archimedean if and only %f every transitive uniformly locally
universal relation is universal.

Proof. Suppose F is Archimedean and p is such a relation. Assume %, y& F
with x<y. (If x =1y clearly xpy.) For some least integer #, x+na=y and using
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such that for every x& F, upv whenever u, v& (x —a, x+a).

Note that a relation satisfying the second condition satisfies the first.

THEOREM 1. F is complete if and only if every transitive locally universal rela-
ton 1is universal.

Proof. See [1].

THEOREM 2. F is Archimedean if and only %f every transitive uniformly locally
universal relation is universal.

Proof. Suppose F is Archimedean and p is such a relation. Assume %, y& F
with x<y. (If x =1y clearly xpy.) For some least integer #, x+na=y and using
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the uniform local universal property of p it follows that

a
xp (x + ?>,
a 3a 3 1
(r5)e(r3) o (e (- 3) ) b+ (0= 3)0)
1
(- 2o
So by transitivity xpy.

Conversely if F is not Archimedean, for some ¢>0 and b, na<b for all
natural numbers #. Define p as follows: #pv if and only if either

(a) for some natural number m, u <ma and v <ma, or

(b) for all natural numbers m, #>ma and v >ma.
Then p is transitive and uniformly locally universal but a and & are not related.

Thus completeness requires that all locally universal transitive relations be
universal regardless of the size of the neighborhoods, whereas the Archimedean
property only requires universality in the case of uniform sized neighborhood
universality.
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649-652.

SEMINATURAL SYSTEMS AS NONEMPTY, WELL-ORDERED
SETS WITHOUT LAST ELEMENT

SAMUEL T. STERN, State University College at Buffalo

R. A. Jacobson in [2] gives a set of three axioms which he shows to be equiva-
lent to the axioms of a seminatural system as defined by this author in [1],
and which he shows to be completely independent.

As stated at the beginning of [1], a seminatural system may be thought of
as a nonempty, well-ordered set [3 ] without last element. Indeed, we may take as
an equivalent set of axioms the following.

DEFINITION. A set N, together with a binary relation R on N, is said to be a
seminatural system if and only if the following axioms are satisfied:
B-1 N is a nonempty, well-ordered set with respect to R.
B-2 For every x & N there exists yE N, y#x, such that x R y.

It is easy to show that this pair of equally “intuitively appealing” axioms
forms a completely independent set which is equivalent to the axiom set of [1].
For {B-l, B-Z} we may take the set of natural numbers; for {NB-l, B-Z} the
open interval of reals between 0 and 1; for {B-l, ~B-2 } the finite set { 1,2 } ;and
for {NB-I, NB-Z} the closed interval of reals between 0 and 1; all examples in
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their natural order. Thus we have complete independence. The equivalence of
these axioms and those of [1] can be shown as follows.

Proof of Theorem P-2. Let a be the first element of the nonempty subset
N of N.

Proof of Theorem P-4. Let G be a nonempty subset of N such that for every
xEN, I(x) CG implies xEG. Suppose G#=N. Then N—G is nonempty and, by
B-1, has a first element b. Then I(b) CG and by hypothesis &G, a contradiction.

Proof of Theorem B-1. By P-2, N is nonempty. Let W be a nonempty subset
of N and suppose that W has no first element. Then for each x& W, there
exists y& W such that yRx. Now N — W is not empty for otherwise W= N and
W would have a first element by P-2. Let x& N such that I(x) CN—W. Then
xEN—W, for if x& W, then there exists some y& W such that yRx and hence
yEN—W. By P-4, N—W=N and W is empty, a contradiction. Hence W has
a first element.
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MAGAZINE, 39 (1966) 232-236.
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A SHORT PROOF OF CRAMER'’S RULE
STEPHEN M. ROBINSON, United States Army, University of Wisconsin, Madison

Many texts on linear algebra (e.g., [1] through [7]) prove Cramer’s rule
by using the relationship A—!=adj A/det A and comparing cofactor expansions.
The following proof may provide more insight into what is actually happening

when Cramer’s rule is used.
Let Ax=5b, with A nX# and nonsingular. Let the columns of A be a;, - - -,

a, and those of the identity be ey, - « -, e,. Define X, by

X = [el, Cty €k—1y X, €1, t 0t :eﬂ]'

Then
a2 = det X = det A7'AX), = det AX;/det A

=det [ay, * * *, @1, b, @ry1, * * + , @n)/det A,

which is Cramer’s rule.

This proof makes it easier to see what we are doing when we use Cramer’s
rule. We want to evaluate det X in order to find x;. But X} contains the unob-
servable vector x. We therefore take the determinant of the image of X under
the transformation represented by A, and then, to compensate for the trans-
formation, divide the result by det A.
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I am indebted to Dr. T. H. M. Crampton for helpful comments on this subject.
The opinions expressed herein are those of the author, and do not necessarily reflect the posi-
tion of the Department of the Army or the U. S. Government.
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ON AN INTERESTING METRIC SPACE
R. SHANTARAM, SUNY at Stony Brook

In [1] Hildebrand and Milnes have defined on the euclidean plane the metric:
0 ifxy =191 and =z, =19,

1) pa(x, y) = 1% ifwy =9 and x,7#y; or x #=9y, and %=1y,
i ifx; 2y and 2z, # 9y,

where x = (x1, x2) and y= (3, ¥») are members of R2. The purpose of this note
is twofold. First, to generalize this metric on R? and extend the definition to
R*; this is done in Sections 1 and 2. Second, to introduce a metric which is
rotation invariant but not translation invariant. This is done in Section 3.

1. Let @ and b be positive real numbers such that b=<2a <2b. Define p,:
R*XR?*—R as py(x, ¥)=0, a, or b respectively according as exactly both,
exactly one or exactly none of the coordinate of x and y are equal. Then the
following result is easily proved.

THEOREM 1. For each fixed value of a and b as specified above py is a metric
on R2

We remark that for a =% and b=1 we obtain the metric in (1). The metric
p2* gives rise to the following interesting neighborhoods of a point in R2. An
e-neighborhood of x € R? is the singleton set {x} if 0<e=a, the pair of straight
lines thru x parallel to the coordinate axes if ¢ <e<b and the whole plane if
€>b.

2. We now extend the definition of p, to the n-dimensional case.

THEOREM 2. Let x, yER*, n=2. Define p, (x, y)=1—(k/n) if exactly k of
the coordinates of x are equal to the corresponding coordinates of y (k=0,1, - - -, n).
Then p, 1s a metric on R™.
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Proof. It is clear that p,(x, ¥) =0 where equality holds iff x=y. Further p,
is symmetric. We need to prove the triangle inequality p,(x, 2) Sp.(x, ¥) +p.(9, 2).
Put D(x, y) = {z] x;;éy,-} and denote by #(x, ¥) the cardinality of D(x, ¥). Then
we have to prove that

) #(x, 2) = #(x, 3) + #0, 2).

This follows by taking the cardinality of both sides of the relation D(x, z)
CD(x, y)\UD(y, z) which is an easy consequence of the definition of D. The
theorem is proved.

Remarks (i) For n=2 in the theorem we get the metric in (1) (ii) For each #,
p» is translation invariant but not rotation invariant. (iii) The content (or vol-
ume) of a rectangular box in R” whose edges are parallel to the coordinate axes is
1/#* whereas that of a “tilted” one is k*/n" where k is the number of edges
(emanating from any one vertex of the box) which are not parallel to any of
the coordinate axes. (If =0, 0° is taken to be 1.) As a corollary we see that
the content of a box none of whose edges is parallel to any of the coordinate
axes is unity. (iv) According to this metric the content of a sub-box of a rec-
tangular box may exceed the content of the box itself. (v) An e-neighborhood
of xER" is the singleton set containing x if 0<e=1/#n. In general, fork=1,
2,---,n—1if B/n<e=(k+1)/n it is the union of » hyperplanes (each of
dimension k) thru the point x and parallel to one of the coordinate axes. It is
the whole space if e>1.

The generalization of p, to p, on the lines of Theorem 1 can be carried out.
We merely state the result.

THEOREM 3. Let 0=aoSa1 =< « - - Sa, be real numbers such that a;+an—j=ay
for all =1, 2, - - -, n. Then py(x, y) =ar where k=4#(x, y) is a metric on R™.

If ax=k/n we get the metric p,. An example of a set of values for a; (dif-
ferent from k/z) having the properties in the theorem is az =k+1—\, (0SA=1).
If n=2, a1=a, a:=>b then we get p;.

3. The metrics considered earlier are invariant under translation of the
axes parallel to themselves but are not rotation invariant. In this section we
define a metric which is rotation, but not translation, invariant.

DEFINITION. Let d,: R* X R"—R be given by

0 fe=y
3) du(m, v) = {a i ||« =]l5]] but zs=y
b if [lal] = [ls]
where ||x|| =24 - -+ and a and b are positive real numbers such that

a=2b.

THEOREM 4. The function defined in (3) is a melric on R™ which is rotation
invariant but not (unless a ="b) translation invariant.
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We omit the easy proof of the theorem but note that the condition a £2b
is essential. The relative magnitudes of a and b are subject only to this condi-
tion. (Compare with Theorem 1.) In what follows we assume that a>b and
indicate a few interesting properties of d,.

The metric (3) treats points on the same circle (center origin) to be at
distance @ while others are at distance b. In terms of the road map interpre-
tation in [1] this means, for # =2, that if the fuel tank capacity is sufficient to
take us a distance of max {a, b} units then we can go from anywhere to any-
where without stopping for fuel. If, however, ¢ <b and the tank capacity is a,
we can only go on a circle around the origin no matter how many refuellings
are made; that is, we cannot leave that orbit. If the tank capacity is b and b <a
we can, starting from x, go anywhere except to points on the circle with radius
|l<|| and center at the origin. It is interesting to note in this last case that we can
approach these exceptional places arbitrarily closely (in terms of the usual dis-
tance function!). Of course one refuelling makes all points accessible.

We enumerate below (without proof) a few other properties of the metric
which are easily verified. For simplicity we consider only the case #n =2, and
define the area of a circle of radius r to be w72 and the area of a rectangle to be
the product of its length and width. (i) The area of any circle with center at
origin is 7b% For other circles it is undefined. (ii) The area of a rectangle is a?
or ab according as four or two of its vertices belong to some circle with center at
origin. Otherwise the area is b2. (iii) The area of a rectangle may be strictly
smaller than that of a subrectangle. (iv) The area of a union of disjoint rec-
tangles is the sum of its component rectangles. Here two rectangles with a
common edge are not considered disjoint.

Reference

1. S. K. Hildebrand and H. W. Milnes, An interesting metric space, this MAGAzINE, 41
(1968) 244-247.

ANSWERS

A472, If a=w/4 then B=w/4=a, and 2+4tan a-+tan B=2+2 tan a. But
sec a=1/cos a=sin a/cos a=tan a, and sec B=1 so 2 sec @a+2 sec =2 tan «
+2. A similar proof holds for B=#/4. Assume a=w/4 and B=w/4. Then
2+4tan attan B<4=2 sec a+2 sec .

A473. No, it does not follow. Simply let d(x, ¥) =min (1,| x—y| ), and note that
this metric generates the usual topology in R, but (0, x) =d(0,y) =1if 1 <x <4y.

A474. The area of the annular space is 1447 which, to four decimal places, is
452-3893. Thus 3893 452 represents CHIC DEB.

A475. Solution: x*—1174*=0, +1 (mod 9) and hence cannot equal five.
A476. 32 =z-z implies that z=+/2-z but 2=+/2-z implies 2=+/2v/z.z and so on.

(Quickies on page 112.)
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ON e AND ITS APPROXIMATION
C. I. LUBIN and A. J. MACINTYRE

The use of the equation 1=f% dx/x to define and approximate ¢ (as in
Hardy [1] p. 405 et seq., Taylor [2] p. 307, among others) can be extended to
discussing the limit, lima., (14-1/%)?, and to finding a closer approximation
to e.

Existence of the limit. The proof of the existence of the limit is indicated
by using the monotonic increasing, continuous function

1) F(u)=fu‘—ixf 0<u<

which has a unique continuous inverse and for which F(u*) =nF(u) (see Hardy
l.c.). To avoid the introduction of irrational exponents the number » will be
restricted to rational values. Let us write w,=(1+1/4)" and v,= F(w,) and
thus v, =n17"" dx/x. Since the integrand is a decreasing function of x we have

n(l +11/n> (1/n) < v, < n(l/n) or 1/(1 +1/n) < v, < 1.

Thus we can immediately infer the existence of lim,., F(w,) and conclude that
its value is 1. Then clearly the continuous inverse w, of F(w,) as n— ap-
proaches a limit also, which is designated as e (Hardy, l.c.).

Approximation to e. In the references just cited, elementary considera-
tions of the equation (1), immediately lead to the result 2.56<e<3.00. For a
closer approximation for e, we write ¥ =¢'* where % is a positive integer and
seek an approximation for v. We have

T dx
@ e= "=
1 X
Making the change of variable, x = (y-+1)(»+1)/2 and putting
3) a=((—-1/(r+1) 0<ax1
in (2) we are led to the equivalent expression,

) 1/k=2fa e

1 — 22

Our problem now is to find an approximation to a*, the unique real root of
equation (4) on the interval 0<a<1.

Writing the integrand as 1/(1 —92) =1+492+494+49%/(1 —v?) equation (4) be-
comes
28

1 — 2

1/2k=a+a3/3+a5/5+fa dv.
0

98
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An approximation to the root a* of this equation can be found by obtaining,
approximately, the real zero of the function

H() = —1/2k + ¢ + 13/3 + 15/5.

Take 1/2k as a first approximation to the zero, then Newton’s method gives
as a second approximation ay=1/2k—f, where the term § is given by

(1/28)%/3 + (1/28)%/5
14 (1/2k)2 + (1/2%)

(%) B=H(1/2k)/H'(1/2k) =
Thus we have for ay,
a; = (120k* + 20k2 + 6)/(240%5 + 60k3 + 15E).

For a numerical result, pick for &, say the value 8, then the above approxima-
tion yields
ay = 246,403/3,947,580.
Using (3), we get
vi= 1+ a)/(l — @) = 4,193,083/3,701,177
= 1.133148455.

Thus we have an an approximation for e

va = 1.1331484558 = 2.71828186.

T3

x=3%k

Bounds for the error. The above estimate a;, and our bounds for the error
depend on replacing the curve T', y=[§ dv/1—2?, by other curves and finally
by straight lines. (See the accompanying diagram.) All the curves and straight
lines run at very nearly 45° to the x, y axes with all slopes greater than 1. We
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consider the curves, T'iiy=x+4+x%/34+x%/5 and Tiy=x-+x3/34+x5/54+x7/7.
Evidently curve I'; lies below I'; and both lie below the curve I'. We also con-
sider the curve I's:y=x-+4x3/3-4+x5/5+x7/7(1 —x%) which evidently lies above
the curve I' on the interval 0<x=1/2%.

The points where these curves cross the line y=1/2k lie progressively fur-
ther to the left. Designate the abscissa of the point of intersection of the curve
T with this line by a* but for the other curves it is unnecessary to find or
designate their intersections with this line.

We introduce, (Newton’s method), the tangent line to I'; at x =1/2k which
intersects y=1/2k further to the right of x =a®*, at the point which gives us
the above estimate oy; the tangent line to I'; at x =y which intersects y=1/2k
at x=a, also to the right; and finally a line at 45° to the axes through the
point on I'; with x =y which intersects the line y=1/2k further to the left at
x=a3. Thus the approximation «; is in excess so the difference (o —a») will
lead to an improved approximation for a*, still in excess, while the difference
(o1 —a;3) leads to a bound below.

Computation gives us

a1 — an = (a1 + as/3+ as/5+ a' /T — 1/28)/(1 + a1 + a1 + a3)
> (a1 + a1/3 + a1/5 + ar/T — 1/2B)(1 — az)

a1 —as= a1+ ai/3+ ar/5+ ar/7(1 — a3) — 1/2k.
Writing £ = (acn —a*) >0, we see
a1 —ar < b < a; — a3

or (aa+ad/34a3/5+a7/T—1/2k)(1—a?) <h<(oa1—a3). We use the binomial
inequalities on the powers of of=(1—2kB)"/(2k)", i.e., 1/(2k)*—nB/(2k)"?
<ai<1/Q2k)*—nB/(2k)" 1+ n(n—1)B2/2(2k)"2, and the value of 8 in (5) and
obtain the result

6) K =al —an/T<h<B1)2k+2/2B)") +ar/T(L — a1) = K.

Turn next to the corresponding error invyi, g =v1—v* wherey*= (1 +a*) /(1 —a¥)
and vi=(14a1)/(1—a;1). Thus we have g=2k/(1—a))(1 —a1+%) and 2h<g
<2h/(1—ay)2.

Using (6), we find as bounds for g

g =20 < g <2/l —a)?=¢.

Finally for the error f=+%— (y,—g)* arising from the use of v} as approxi-
mation for e=+1%, on again using the binomial inequalities, we are led to

k—1 k-2 2 k—1
ky, &' —k(k—1)vy, §'/2<f<kv, ¢.
For the particular numerical approximation to e above, with k=8, we have
ar = 0.06241874769 b=1— a; = 0.00008125231
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vi= 1+ a)/(1 — a;) = 1.1331484552
5.253 1071 </ < 9.4526 10-10
1.0505 10~°* < g < 2.1507 10~°
2.0159 10~® < f < 4.1275 10-%

whence

2.71828182 < ¢ < 2.71828184.

References

1. G. H. Hardy, A Course of Pure Mathematics, 10th ed., Cambridge University Press,
England, 1952.

2. A. E. Taylor, Calculus with Analytic Geometry, Prentice-Hall, Englewood Cliffs, New
Jersey, 1959.

A DIRECT PROOF OF THE STEINER-LEHMUS THEOREM
JOVAN V. MALESEVIC, Sabac, Yugoslavia

The above theorem is: If the bisectors of the two internal angles of a triangle
are equal, then the triangle is isosceles.

In this article a direct proof of this theorem will be given. The author has
found no such proof in the literature.

Let ABC be a triangle and let 4D = BE, where 4D and BE are the bisectors
of the internal angles £ CAB and £ CBA, respectively (see Figure 1).

Fic. 1.

Produce the sides 4C and BC beyond the vertex C to the points M and N,
respectively, such that CM = CN =AB. Then the bisector OC of the internal
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angle £ ACB meets the straight line M N in P. Since
OP LMN, NP = PM.
it follows that
ZPON = £POM, ON = OM.

From the fact that area AdBE=area AECN and area AABD =area ADCM it
follows that area AADM =area ABEN (=area AABC) and one obtains,
if NN1LBE and MM;LAD, NN,=MM; which implies that £ EON= £DOM
and hence

LEOC = £DOC, LCAB = LCBA

which was to be proved.

PROBLEMS AND SOLUTIONS

EpiTed BY RoBERT E. HorTON, Los Angeles Valley College
AssociATE Eprtor, MUurray S. KLaMkin, Ford Scientific Laboratory, Dearborn, Michigan

Readers of this department are invited to submit for solution problems belicved to be new
that may arise in study, in research, or in extra-academic situations. Problems may be sub-
mitted from any branch of mathematics and ranging in subject content from that accessible
to the talented high school student to problems challenging to the professional mathematician.
Proposals should be accompanied by solutions, when available, and by any information that
will assist the editor. Ordinarily, problems in well-known textbooks should not be submitted.

The asterisk (*) will be placed by the problem number to indicate that the proposer did
not supply a solution. Readers' solutions are solicited for all problems proposed. Proposers’
solutions may not be “best possible” and solutions by others will be given preference.

Solutions should be legible and submitted on separate, signed sheets. Figures should be
drawn in India ink and exactly the size desired for reproduction.

Send all communications for this depariment to Robert E. Horton, Los Angeles Valley
College, 5800 Fulton Avenue, Van Nuys, California 91401,

To be considered for publication, solutions should be mailed before August 1, 1970.
PROPOSALS
754.% Proposed by NSF Class at University of California at Berkeley.
Show that the triangle A BC is equilateral.

c
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755. Proposed by Sidney H. L. Kung, Jacksonville University, Florida.
Let f(x) =x2-+4px-+q where p and ¢ are real numbers. Show that at least one

of the numbers lf(l) l, lf(Z) I, or lf(S)] is not less than one-half. Generalize to
a polynomial of degree 7.

756. Proposed by Huseyin Demir, Middle East Technical University, Ankara,
Turkey.

Determine closed and centrally symmetric curves C, other than circles, such

that the product of two perpendicular radius vectors (issued from the center)
be a constant.

757. Proposed by Erwin Just, Bronx Community College, New York.
Let p and g be primes and x an integer such that

qr—1

pl 2 ok, (rz1).
k=0

Prove that either p —1 is divisible by g or p=gq.

758. Proposed by R. Sivaramakrishnan, Government Engineering College, Trichur,
India.

If the internal bisector of angle 4 of a triangle 4 BC is perpendicular to the
line joining the incenter and the orthocenter, show that cos B+cos C=1.

759.* Proposed by Stanley Rabinowitz, Far Rockaway, New York.

Circles 4, C, and B with radii of lengths a, ¢, and b, respectively, are in a
row, each tangent to a straight line DE. Circle C is tangent to circles 4 and B.
A fourth circle is tangent to each of these three circles. Find the radius of the
fourth circle.

760. Proposed by Hugh M. Edgar, Chris W. Avery, and Albert E. Pollaichek,
San Jose State College, California.

Characterize those positive integral values of # and m for which the nth
cyclotomic field is contained in the mth cyclotomic field.

SOLUTIONS
Late Solutions

Andrew N. Aheart, West Virginia State College: 725; Donald Chand, Lockheed-Georgia Com-
pany: 725, 7293 Charles Chouteau, West Virginia State College: 7263 J. R. Kutiler, Johns Hopkins
University: 725, 729, 730; Gerald C. Dodds, HRB-Singer Company: 732; Philip Haverstick, Fi.
Belyvoir, Virginia: 726, 732; Peter A. Lindstrom, Genesee Community College: 7265 Bernard J. Poriz,
Jesuit College: 7305 Henry J. Ricardo, Yeshiva University: 7253 John W. Schleusner, West Virginia
University: 728, 729; E. F. Schmeichel, College of Wooster: 724, '731; Charles W. Trigg, San Diego,
California: 726, 7305 R. F. Wardrop, Ceniral Michigan University: 726.

Erratum

The last line of the answer A402 on Page 203 of the September, 1969, issue,
should read “ . . . f(x1) =f(x2) . . . " instead of “ . .. f(x)=f(y) ..."”
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Rats Eat Tea

733. [September, 1969] Proposed by Richard L. Breisch, University of Colorado.
Solve this determinant equation with nonnegative digits: (R #0)

E A4 T
R AT S=—-14 T E
T E 4

Solution by Rosalie Farrand, Castilleja High School, Palo Alto, California.

Assume first that RAT'S does not refer to a product of the four digits, but
does mean 1000R+1004 +107+S.
Using the usual rules for evaluating a determinant, we find

E AT
—|A4 T E|=E+A434+T5—3(E-A-T),
T E 4

where (E-A-T) refers to the product of the three digits. It is then easy to con-
clude that one of the digits must be zero to eliminate the term —3(E-A4-T),
and that the remaining two digits of the determinant must be 7 and 9. We
then have this result.

9
1072 =—| 0 , sothat R=1, 4 =0, T =17,
7

O 3 O
O O 2

S=2, and E=9.

Also solved by Merrill Barnebey, Wisconsin State University at LaCrosse; Wray G. Brady,
Slippery Rock State College, Pennsylvania; Laurence Beller, Bronx, New York; Bruce A. Broemser,
El Sobrante, California; Philip Cheifetz, Nassau Community College, New York; Gerald C. Dodds,
HRB-Singer, Inc., State College, Pennsylvania; Jay M. Fleisher, Carnegie-Mellon University;
Sandra V. Foster, Long Island University; Myron A. Fribush, Bangor, Pennsylvania; B. L. Gingrich,
Endicott, New York; Michael Goldberg, Washington, D.C.; Philip Haverstick, Ft. Belvoir, Virginia;
Alfred Kohler, Long Island University; Otio Mond, Suffern, New York; Richard F. Morrow, Dallas,
Texas; George A. Novacky, Jr., St. Anselm High School, Swissvale, Pennsylvania; Mary A. Ratchford,
Mt. Saint Mary College, Newburgh, New York; Steve Rohde, Lehigh University; E. F. Schmeichel,
College of Wooster, Ohio; W. A. Schimidt, Texas A and M University; Donval R. Simpson, Fairbanks,
Alaska; E. P. Starke, Plainfield, New Jersey; David J. Stevenson, West Virginia State College; John
H. Tiner, High Ridge, Missouri; Charles W. Trigg, San Diego, California; Zalman Usiskin, Univer-
sity of Chicago; R. F. Wardrop, Central Michigan University; Kenneth M. Wilke, Topeka, Kansas;
and the proposer. One incorrect solution was received.

A Convex Curve

734. [September, 1969] Proposed by Simeon Reich, Israel Institute of Tech-
nology, Haifa, Israel.

Let K be a plane convex curve which can rotate in an equilateral triangle of
altitude % so as to be always tangent to its three sides. Prove that:
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a) If h>2w/(2m —34/3), then K always encloses a lattice point.

b) If h<1+4+/3/2, then one can rotate and translate the curve K in the
plane so that in one position at least it will contain no lattice points.

Solution by Michael Goldberg, Washington, D. C.

Both limits can be improved.
(a) Of all the rotors in an equilateral triangle, the one which has the smallest

inscribed square is the one made of two 60° arcs of radius k. Then, if the square
has unit edge, the height % satisfies the following equation:

B = (\/31/2) + (1/v2)* + 2(\/31/2)(1/V/2) /2
= 3h%/4+ 1/2 + /3h/2
or h2—2+/3h—2=0, from which
= (23 + V12 + 8)/2 = v/3 4+ /5 = 3.968 < 2x/(2r — 3+/3) = 5.78.

J:Wz
|

Rt T
(@) h=14/34++/5~ 3.968

Hence, if #>+/3++/5, the rotor K will contain a lattice point when placed

anywhere in the plane.
(b) If the height of the equilateral triangle is k, then the radius of its inscribed

circle is #/3. The square inscribed in this circle has edge v/2k/3. If the edge is
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taken as unity, then 2= 3/\/_§ ~2.14>1+4+/3/2. For other rotors, the value of
% would be larger. If 2 <3/4/2, then the circle K can be placed so that it encloses
no lattice point.

Also solved by E. F. Schmeichel, College of Wooster, Ohio; and the proposer.

A Partition of Triangular Numbers
735. [September, 1969]| Proposed by Charles W. Trigg, San Diego, California.

Find a triangular number which can be partitioned into three 3-digit primes
which together contain the nine positive digits.

Solution by Donald Beane and E. F. Schmeichel (joinily), College of Wooster,
Okhio.

Observe that a triangular number must end in 0, 1, 3, 5, 6, or 8. Since a
3-digit prime ends in 1, 3, 7, or 9, the only possible digits in the units position
of the sum of three primes using all the positive integers are 1 (if the primes
end in 1, 3, and 7), 3 (if the primes end in 1, 3, and 9), 7 (if the primes end in
1, 7, and 9) and 9 (if the primes end in 3, 7, and 9). Thus only the triangular
numbers ending in 1 or 3 need to be considered. We observe that in either of
these cases, one of the primes must end in 1 and one must end in 3.

Moreover, the sum S of three 3-digit numbers using all positive digits
satisfies 774 £S5=<2556. The only triangular numbers in this range which end
in 1 or 3 are 861, 903, 1431, 1653, 1711, 1891, 1953, and 2211. Noting that 1
and 3 must occur in the units position of two of the three primes to be summed,
we find that the smallest numbers that could appear in the hundreds position
of the three primes are 2, 4, and 5. Since 2+4+4-5>9, we eliminate 861 and 903
as possibilities.

We now partition the set of three digit primes without repeated digits into
three parts: those ending in 1, those ending in 3, and those ending in 7 or 9.
(The list in each part could be shortened, of course, by eliminating primes which
contain 0, primes which end in 1 but contain a 3, and so on.)

We then determine all possible sums which arise by selecting one number
from each group. For this, a Control Data Corporation 6400 was used. The
addition was printed out only when the sum was one of our six candidates.
Total computer time was 1.5 seconds, and we obtained the following results:

53

1431 = D 3= 283 + 457 + 691 = 257 + 491 + 683
=1
62

1953 = >4 =421+ 673 + 859 = 479 + 653 + 821

1=1

Also solved by Gerald C. Dodds, HRB-Singer, State College, Pennsylvania; Alfred Kohler, Long
Island University, New York; E. P. Starke, Plainfield, New Jersey, and the proposer.

Partial solutions (1=2S5<4) were obtained by Richard L. Breisch, University of Colorado;
Philip Haverstick, Ft. Belvoir, Virginia; Frank L. Kerr, Napa, California; Melvin D. Rein, Morton,
Illinois; and Kenneth M. Wilke, Topeka, Kansas. One incorrect solution was received.
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Kohler found among the set of triangular numbers the number 666 and wondered if others
had noted that the mark of the beast is a triangular number. Moreover, 666 is the 36th triangular

number and 36 =6-6.
A Straight Line is the Shortest ...
736. [September, 1969] Proposed by Alfred Kohler, Long Island University.

Al, Bill Chuck, and Don all live in the same school district. When Al faces
the school from his home, Bill’s home is directly to Al's right. Bill lives directly
to the west of school, and Chuck lives due south of Bill. At his home, Don can
see the sun setting behind Chuck’s house at times.

Al's home is as far from Bill’s as it is from school, while Chuck lives twice
as far from Bill as Bill does from school. Don lives three times as far from Chuck
as Chuck does from school, and Don lives ten times as far from school as does Al.

Show that Al's home, Don’s home, and the school are collinear.

D

Fic. 1

1. Solution by C. D. O’ Shaughnessy, University of Saskatchewan.

Labelling their houses 4, B, C, D and the school S, one has a figure such as
Figure 1. All locations are straightforward, except for that of D. Since Don can
sometimes see the sunset behind Chuck’s house, the location of Don’s house to

the east of Chuck’s follows.
If distances are as labelled with 4S=x, SB=y, and SC=gz, then consider-

ing right angled triangles we have

y? = 22
52 = 5y?
= 10«2
We must then show that
L ASD = 180°.

Now,
L ASB = 45° since AASB is isosceles;

2y
£ BSC = tan™!— = tan™! 2,
Y
As for £ CSD, we first note that
(32)2 + 2* = 1022 = 100 x?
so that ACSD is right angled. Then
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3z
ZCSD = tan~!— = tan™! 3.
3

Therefore,
LASD = LASB+ 4£BSC+ £LCSD

= 45° 4 tan~12 + tan—!3

= 45° + tan™? (%;5)

= 45° + 135° = 180°
where we use the formula

tan 6 + tan ¢

tan (0 =
an (6 +¢) 1 —tanftan¢

to evaluate 8+4¢ =135°.

II. Solution by George F. Corliss, Michigan State University.

Denote Al's house by 4, Bill's by B, Chuck’s by C, Don’s by D, and the
school by S. Let S(0, 0), 4S=1, and west be the negative x direction. Then
B(—+/2, 0), A(—1//2, 1/4/2), C(—+/2, —2+/2). CD=3+/10 and DS=10.
Then D= (5v/2, —5+/2) or (—=74/2, 4/2). Since Don sees the sun set behind
Chuck’s house at times, he must live to the east of Chuck, or at (54/2, —5+/2).
Then 4, S, and D all lie on the line y = —x.

Also solved by William J. Amadio, Brooklyn College; Henry F. Burch, Edwards Air Force Base,
California; Michael Goldberg, Washington, D. C.; Frank L. Kerr, Napa, California; David J. Lohuis,
Bucknell University; Charles McCracken, Florida Southern College; Joseph E. Mueller, Bloomsburg
State College, Pennsylvania; Simeon Reich, Israel Institute of Technology, Haifa, Israel; E. F.
Schmeichel, College of Wooster, Ohio; W. A. Schmidt, Texas A and M University; Paul Sugarman,
Massachusetts Institute of Technology; Charles W. Trigg, San Diego, California; Zalman Usiskin,
University of Chicago; and the proposer.

The proposer indicated that he developed the problem to let the solver discover the pretty
relationship arctan 1-+4arctan 2+ arctan 3=0.

A Perceptive Hippie

737. [September, 1969] Proposed by Irving A. Dodes, Kingsborough Commumnity
College, Brooklyn, New York.

Mr. S. D. S. Hippie, inveterate seeker after truth (far after), awoke from a
slight doze to hear his plane geometry teacher remark that if the midpoints of
any quadrilateral are joined, the result is a parallelogram. Not to be cutdone
in untenable hypotheses, Mr. Hippie opined that if trisection points are joined,
the result will also be a parallelogram.

Prove that no other dividing points independent of the lengths of the sides
exist to produce a parallelogram.


http://www.jstor.org/page/info/about/policies/terms.jsp

1970] PROBLEMS AND SOLUTIONS 109

Solution by Alfred Kohler, Long Island University, New York.

The problem is poorly stated. What the proposer seems to be saying is
patently false, yet it is difficult to attribute any other meaning to the problem.
Does the proposer mean to imply that the midpoints, trisection points, and #-
section points in general of a straight line segment are independent of the length
of the segment? They are and they aren’t, depending on the meaning assigned
to the word “independent.”

The following theorem is well known: Giver a triangle ABC and any two
points D and E on AB and AC, respectively, together with the straight line joining
D and E. Then DE is parallel to BC if and only if AB/AD=AC/AE.

The simple corollary of this theorem is that if the #-section points of the sides
of a quadrilateral are joined in a suitable manner, then #—1 different parallelo-
grams inscribed inside the quadrilateral are obtained. A unique parallelogram
is of course obtained only in the case of midpoints (#=2).

Pehaps the proposer wishes to point out that the #-section points to be
joined may not be chosen at random, but that, of course, is obvious. The lines
joining #-section points on adjacent sides of the quadrilateral must divide the
two sides in the same proportion. The preceding theorem assures one that such
lines will be parallel to the diagonals of the quadrilateral, and will therefore also
be parallel to each other.

Also solved by Michael Goldberg, Washington, D. C.; Zalman Usiskin, University of Chicago;
and Sam Zaslavsky, City University of New York.

The following showed that no solution other than midpoints exist if the n-section points are
taken in order proceeding around the quadrilateral: J. C. Binz, Bern, Switzerland; Bill Knight,
University of Wyoming; Ray B.Robinson, Butler, Tennessee; E. F. Schmeichel, College of Wooster,
Ohio; Charles W. Trigg, San Diego, California; and the proposer.

A Very Narrow River

738. [September, 1969] Proposed by Huseyin Demir, Middle East Technical
University, Ankara, Turkey.

There is a river with parallel and straight shores. 4 is located on one shore
and B on the other, with 4B =72 miles. A ferry boat travels the straight path
AB from A to B in four hours and from B to A in nine hours. If the boat’s
speed on still water is v=13 mph, what is the velocity of the flow?

Solution by Bill Knight, University of Wyoming.

Since the time of travel is not the same for both directions, B is not directly
opposite 4, but is some distance down the river. The 72 miles from 4 to B
were traveled in 4 hours, an average of 18 mph, while the return trip averaged
only 8 mph. Let the current be s.

For the average of the trip down the river to be 18 mph, the vector sum of
the ferry and the current must be 18 mph. Since the magnitude of a vector sum
is less than or equal to the sum of the magnitudes of the vectors, it is clear that
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13 mph + s = 18 mph, and thus
s Z 5 mph
Returning from B to 4, the maximum possible magnitude for the vector sum
is 13 mph —s. Thus,
13 mph — s = 8 mph
s = 5 mph.
Since s= 5 mph and s<5 mph, s=5 mph.
An alternate method would be to allow the width of the river to be m miles

and find s for any m. It is possible to find » using this method. It involves solv-
ing the following equation:

134/5184 — m? = 4~/13689 — m? + 94/2704 — m2.

The only solution is =0 mph. With this value of m it follows that s=3
mph.

Also solved by Richard L. Breisch, University of Colorado; Bruce A. Broemser, El Sobrante,
California; Raphael T. Coffman, Richland, Washington; George F. Corliss, Michigan State Uni-
versity; Mickey Dargitz, Ferris State College, Michigan; Gerald C. Dodds, HRB-Singer, Inc., State
College, Pennsylvania; Frank Eccles, Phillips Academy, Massachusetts; W. W. Funkenbusch,
Michigan Technological University; Michael Goldberg, Washington, D. C.; John M. Howell, Littlerock,
California; Alfred Kohler, Long Island University, New York; Lew Kowarski, Morgan State College,
Maryland; J. R. Kuttler, Johns Hopkins University; Joseph O’Rourke, St. Joseph's College,
Pennsylvania; C. D. O'Shaughnessy, University of Saskatchewan; John E. Prussing, University of
Illinois; John R. Ray, Clemson University; Simeon Reich, Israel Institute of Technology, Haifa, Israel;
Ray B. Robinson, Butler, Tennessee; Steve Rohde, Lehigh University; E. F. Schmeichel, College of
Wooster, Ohio; W. A. Schmidt, Texas A and M University; E. P. Starke, Plainficld, New Jersey;
Charles W. Trigg, San Diego, California; A. W. Walker, Toronto, Canada; Sam Zaslavsky, City
University of New York; and the proposer.

Property of Central Conics
739. [September, 1969] Proposed by Mehmet Agargun, Diyarbakir, Turkey.

Let the vertical projections of a variable point P of a central conic with
center O, on the major and minor axes be C and S, and the tangent line at P
intersects these axes at C’ and S’ respectively. Then prove that:

OC-0C" — 0S-0S" = constant.

Solution by P. D. Thomas, Naval Research Laboratory, Washington, D. C.

If the central conic has the equation ax2+4by2—1=0, then the tangent at
P (x1, y1) on the conic has for equation axx;1+byy1—1=0 with x and y intercepts
OC’——l/ax;, 0S5’ =1/by; respectively. Since OC=x1, 0S=y1, we have 0C-0C’
=1/a, 0S-0S' =1/b, the difference being 1/a—1/b.

Also solved by Santo M. Diano, Philadelphia, Pennsylvania; Michael Goldberg, Washington,
D. C.; Philip Haverstick, Ft. Belvoir, Virginia; Lew Kowarski, Morgan State College, Maryland;
C. Stanley Ogilvy, Hamilton College, New York; Simeon Reich, Israel Institute of Technology, Haifa,
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Israel; Steve Rohde, Lehigh, University; E. F. Schmeichel, College of Wooster, Ohio; E. P. Starke,
Plainfield, New Jersey; Charles W. Trigg, San Diego, California; A. W. Walker, Toronto, Canada;
Sam Zaslavsky, City University of New York; and the proposer.

Comment on Problem 716

716. [January and September, 1968 ] Proposed by John M. Howell, Los Angeles
City College.

Suppose that we have a deck of cards numbered 1, 2, - - - # and a second
deck numbered 1, 2, - - - (#+d), d=0, and that we shuffle the two decks and
draw one card at a time from each until the smaller deck is exhausted. Find the
probability of » matching draws and the mean and variance of the number of
matching draws.

Comment by Frederick Mosteller, Harvard University.

(1) The probability is given in an incomplete form for d =0 in the formula
at the bottom of Page 219 because the cases » =% and r =% —1 are not properly
included (after the erroneous coefficient #! is deleted). We need

{1/00 — 1/11+ 1/21 - - - 4 (=1)»7/(n — )1} /7.

The cancellation of the first two terms in the published version spoils the full
generality of the formula.

(2) The mean and variance for d=0 are 1 and 1, suggesting the near Pois-
sonness of the distribution for large # and small » indicated by the correct form
Un,re

(3) For general # and d the mean and variance of the number of matches are

n 2 n d
Mn,d = 5 On,d = l:l - ])
n+d n+d n+dn+d—1)

again suggesting approximate Poissonness when d/(n+4d)(n+d—1)<1.
A similar remark was submitted by E. F. Schmeichel, College of Wooster, Ohio.
Comment on Q411

Q4l11. [May, 1967; May, 1969] Show that the sum of two successive odd primes
is the product of at least three (not necessarily distinct) prime factors.

[Submitted by John D. Baum)
Comment by Charles W. Trigg, San Diego, California.

As is evident from the reference (but not the text) of the comment on Page
163 of the May, 1969, issue, that argument applies only to twin primes. How-
ever, these are not the only consecutive primes with a sum divisible by 6.

Consider the number (which include all the odd primes but 3) with the forms
6k-+1.

If two of these numbers have different forms, then their sum, S= (6k;—1)
+ (6ky+1) =6(k1+k2). Clearly, this has at least three prime factors. Twin
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primes (k1 =£k,) fall in this category, as do other consecutive primes with k; 7=k,
such as 401 and 4009.

If the numbers have like forms, .S= (6k;+ 1)+ (6ks+1)=2[3(k1+ks)+1].
Then if &y and kg are of opposite parity, the quantity in the bracket is even, so .S
has at least three prime factors. If k1 and ks are of like parity, as is the case
with 130741319=2(13)(101) and 1531+1543=2(29)(53), the analysis is not
easy. For consecutive primes, recourse is taken to the compact, elegant proof
in the original Quickie.

An example of two odd numbers with £’s of like parity whose sum has only
lwo prime factors is 74-19=2(13).

QUICKIES

From time to time this department will publish problems which may be solved by laborious
methods, but which with the proper insight may be disposed of with dispaich. Readers are urged
to submit their favorite problems of this type, together with the elegant solution and the source,
if known.

Q472. Let =0, =0, and a+B=x/2. Prove
24tan a-+tan B2 sec a+2sec B.
[Submitted by Harley Flanders]

Q473. Let d be a metric which generates the usual topology in the real line.
Does it follow that d(0, x) #d(0, y) if 0<x <y are real numbers?

[Submitted by E. F. Schmeichel]

Q474. Two concentric circles are of such a size that a chord of the larger which
is tangent to the smaller is exactly two feet long. The area of the annular space
(in sq. in.) is carried out to four decimal places and it is observed that when
converted into letters (4 =1, B=2, etc.) the decimal and integral parts might
represent a certain type of well-dressed young lady. Who is she?

[Submitted by Walter Penney)

Q475. On Page 26, Volume 6, MAA Studies in Mathematics—Studies in
Number Theory, there appears this statement:

“The equation x*—117y*=35 is known to have at most 18 integral solutions
but the exact number is unknown.” Prove, in fact, that the equation has no
integral solutions.

[Submitted by Graham C. Thompson]
Q476. Show that
2= ViVaavz - - -
[Submitted by P. G. Pantelidakis)

(Answers on page 97.)
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We omit the easy proof of the theorem but note that the condition a £2b
is essential. The relative magnitudes of a and b are subject only to this condi-
tion. (Compare with Theorem 1.) In what follows we assume that a>b and
indicate a few interesting properties of d,.

The metric (3) treats points on the same circle (center origin) to be at
distance @ while others are at distance b. In terms of the road map interpre-
tation in [1] this means, for # =2, that if the fuel tank capacity is sufficient to
take us a distance of max {a, b} units then we can go from anywhere to any-
where without stopping for fuel. If, however, ¢ <b and the tank capacity is a,
we can only go on a circle around the origin no matter how many refuellings
are made; that is, we cannot leave that orbit. If the tank capacity is b and b <a
we can, starting from x, go anywhere except to points on the circle with radius
|l<|| and center at the origin. It is interesting to note in this last case that we can
approach these exceptional places arbitrarily closely (in terms of the usual dis-
tance function!). Of course one refuelling makes all points accessible.

We enumerate below (without proof) a few other properties of the metric
which are easily verified. For simplicity we consider only the case #n =2, and
define the area of a circle of radius r to be w72 and the area of a rectangle to be
the product of its length and width. (i) The area of any circle with center at
origin is 7b% For other circles it is undefined. (ii) The area of a rectangle is a?
or ab according as four or two of its vertices belong to some circle with center at
origin. Otherwise the area is b2. (iii) The area of a rectangle may be strictly
smaller than that of a subrectangle. (iv) The area of a union of disjoint rec-
tangles is the sum of its component rectangles. Here two rectangles with a
common edge are not considered disjoint.

Reference

1. S. K. Hildebrand and H. W. Milnes, An interesting metric space, this MAGAzINE, 41
(1968) 244-247.

ANSWERS

A472, If a=w/4 then B=w/4=a, and 2+4tan a-+tan B=2+2 tan a. But
sec a=1/cos a=sin a/cos a=tan a, and sec B=1 so 2 sec @a+2 sec =2 tan «
+2. A similar proof holds for B=#/4. Assume a=w/4 and B=w/4. Then
2+4tan attan B<4=2 sec a+2 sec .

A473. No, it does not follow. Simply let d(x, ¥) =min (1,| x—y| ), and note that
this metric generates the usual topology in R, but (0, x) =d(0,y) =1if 1 <x <4y.

A474. The area of the annular space is 1447 which, to four decimal places, is
452-3893. Thus 3893 452 represents CHIC DEB.

A475. Solution: x*—1174*=0, +1 (mod 9) and hence cannot equal five.
A476. 32 =z-z implies that z=+/2-z but 2=+/2-z implies 2=+/2v/z.z and so on.

(Quickies on page 112.)
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ELEMENTARY ALGEBRA:
STRUCTURE AND SKILLS

Second Edition

By IRVING DROOYAN, WALTER HADEL, and
FRANK FLEMING, all of Los Angeles Pierce Col-
lege

Teachers at more than 100 colleges and univer-
sities adopted the first edition which featured cu-
mulative reviews and a modern approach recom-
mended by national committees on mathematics.
If you adopt the second edition of this beginning
algebra text, you'll be pleased fo find it is the
same successful text but even better. It contains
revised and expanded exercises, new problems, a
section on solutions of equations plus an elemen-
tary treatment of complex numbers. Order the In-
structor’s Manual to use with the text.

1969 390 pages $7.50

ARITHMETIC: A REVIEW

By J. LOUIS NANNEY and RICHARD D. SHAFFER,
Miami-Dade Junior College

This is the right choice for next term if you want
io introduce arithmetic—simply and easily—to
your students. This arithmetic “work text” is in
semi-programmed format, enabling your students
to work at their own pace in the modern class-
room. You'll find a fine selection of drill problems
and an appropriate balance between modern and
traditional mathematics.

1969 308 pages $3.95

INTERMEDIATE ALGEBRA

Second Edition

By ROY DUBISCH, University of Washington; and
VERNON E. HOWES, American College in Paris

If you are looking for a modern treatment of in-
termediate algebra that is informal and principles-

Pick them
for your

oriented, choose this text for next term. In this
second edition the attention focuses on proofs, use
of sets, and precision of language. The text adds
synthetic division and factor theorem plus an in-
troduction to Gauss elimination technique includ-
ing matrix representations for solving systems of
linear equations. Don't forget to order the ac-
companying Instructor's Manual.

1969 351 pages $6.95

To supplement Dubisch-Howes,
a programmed workbook—

SELF-TEACHING INTERMEDIATE
ALGEBRA
Second Edition

By VERNON E. HOWES, with the editorial assis-
tance of ROY DUBISCH

1970 Approx. 480 pages $5.95

FUNDAMENTALS OF
COLLEGE GEOMETRY

Second Edition
By EDWIN M. HEMMERLING, Bakersfield College

Choose the revised edition of HEMMERLING to
teach introductory plane geometry to your students.
You'll find a strengthened postulational structure,
improved definitions, and expanded illustrative di-
agrams and tables. There is greater emphasis on
utilizing principles of deductive logic covered in
earlier chapters in deriving geometric truths in
subsequent chapters. Appropriate for your ad-
vanced and beginning students, it develops their
reasoning, critical thinking, and precise use of
language. Order the Teacher's Manual to use with
the text.

1970 464 pages $8.95
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this spring
fall classes

ELEMENTARY MATHEMATICS:
ITS STRUCTURE AND SKILLS
Second Edition

By MARGARET F. WILLERDING, San Diego State
College

You'll be glad you picked this text to provide your
students with the necessary background to teach
elementary school mathematics. A success as a
first publication, the second edition adds illustra-
tive examples, many new exercises, and greater
detail in proofs to make it even more useful and
instructive. It contains two entirely new chapters
on measurement of geometric figures and proba-
bility, and for your use, a revised Instructor’s Man-
val acompanies the text.

1970 Approx. 424 pages $8.95

INQUIRY INTO COLLEGE
MATHEMATICS

By MILTON D. EULENBERG and THEODORE S.
SUNKO, both of Chicago City College

You pick the right text when you choose this one
to teach basic mathematics to your students. It
presents mathematics as an evolving, logical struc-
ture, and its authors achieve a rare combination
of writing precision and rapport with students. The
concept of function receives unusual treatment and
a unique chapter on modern mathematics discusses
Boolean algebra, linear programming, finite ge-
ometry, and transfinite numbers. You'll find that
modern terminology is used throughout and exer-
cises are abundant and istently relevant.

1969 331 pages $7.95

BASIC CONCEPTS OF
ELEMENTARY MATHEMATICS
Third Edition

By WILLIAM L. SCHAAF, Brooklyn College, City
University of New York

If you want a modern freatment of elementary
mathematics written in an effective conversational

manner with a minimum of rigor and technicalities,
try this text for the coming term. You'll be pleased
with the prehensive e ition of fundamen-
tal concepts and relationships of arithmetic, alge-
bra, g try, trig try, t, and
probability for an understanding of the logical
structure and abstract viewpoint of modern mathe-
matics. And the third edition includes new ma-
terial on sequences and series and modern geom-
etries. Don't forget to order the Instructor's Man-
val which accompanies the text.

1969 500 pages $8.95

MODERN INTERMEDIATE ALGEBRA

By MARGARET F. WILLERDING, San Diego State
College; and STEPHEN HOFFMAN, Bates College

Choose this text for the coming term and you'll
have a simple, clear, and precisely written study
of modern intermediate algebra for your non-
mathematically inclined students. You'll also have
a text that emphasizes the real number system
with a proper balance between theory and skills.
The text consistently reviews elementary algebra,
gives detailed explanations, and introduces ter-
minology in a meaningful way. The authors take
extra care in explaining quadratic equations and
all other topics of particular difficulty for your
students. Order the Instructor's Manual to use with
the text.

1969 308 pages $7.95

JOHN WILEY & SONS, Inc.
605 Third Avenue, New York, N.Y, 10016

In Canada: 22 Worcester Road, Rexdale, Ontario

wiley’
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MATHEMATICS FOR DATA PROCESSING

SALVATORE DeANGELO, Mastech Computer Systems, inc.; and PAUL JORGENSON,
Automatic Electric Laboratories, Inc. Available April

This text encompasses and presents the mathematics required for data processing in a
non-rigorous fashion. The digital computer is presented as a problem-solving tool and
exploited from that point of view. Programming languages such as machine language,
FORTRAN, and COBOL are described in some detail to present the primary means of
communication between man and computer.

FINITE MATHEMATICS: A Liberal Arts Approach

IRVING ALLEN DODES, Kingsborough Community College, City University of New
York. Now available

Provides a liberal arts approach to finite mathematics, the mathematics employed in in-
dustry, commerce, business, and data-processing. The author minimizes the discussion
of those topics which are mainly of professional interest and emphasizes ‘‘living top-
ics’ such as linear programming and the theory of games. All the material is relevant
to our twentieth-century technological society. An instructor’s manual is available.

ELEMENTARY ALGEBRA FOR COLLEGES

DAVID G. CROWDIS and BRANDON W. WHEELER, both of Sacramento City College.
Now available

In presenting the algebra of real numbers the authors use an informal-intuitive ap-
proach. There are few proofs, and more sophisticated ideas are presented as exten-
sions of simpler ideas. Great care is taken in presenting methods for solving worded
problems; these methods constitute the majority of real-world uses of mathematics. An
instructor’s manual is available.

ALGEBRA AND TRIGONOMETRY, Second Edition

PAUL K. REES, Louisiana State University; and FRED W. SPARKS, Texas Technological
College. 555 pages/$8.95. Published 1969

This edition contains important changes and new features. The author uses the axio-
matic approach and the terminology and concept of sets where it is appropriate to do
so; the ideas of function and inverse function are employed in the discussions of
trigonometry. An instructor’s manual is available.

GENERAL COLLEGE MATHEMATICS, Third Edition

WILLIAM L. AYRES, Southern Methodist University; and CLEOTA G. FRY and HAROLD
F. S. JONAH, Purdue University. Now available

Designed for a one- or two-semester survey course in mathematics, this text is writien
to catch and hold student interest. The authors stress variety rather than rigor and un-
derstanding rather than memorization. Emphasis is placed on everyday uses of mathe-
matics in the exercises and examples. Numerous problems for fun add spice and in-

trigue the student. A teacher’s manual is available.
McGraw-Hill
330 West 42nd Street,
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McGRAW-HILL

BASIC MATHEMATICAL SKILLS: A Texi-workbook
LOYCE C. GOSSAGE, Mount San Antonio College. 320 pages/$4.50. Published 1968

This combination text and workbook presents remedial arithmetic for college and junior
college students and offers a detailed review of the fundamentals with application to
many simple mathematical problems. To add realism and to spark motivation, prob-
lems often pertain to business topics of practical interest. There is a quiz for each of
the 82 units of work.

COMPUTATIONAL ARITHMETIC

LLEWELLYN R. SNYDER, City College of San Francisco. 368 pages/$6.95. Published
1968

A rigorous writing style, pedagogy, and a lively format are expertly combined to help
the user achieve a satisfactory standard of competence in the skills, understanding,
and techniques of arithmetic. The text abounds in skill-type problems which are fol-
lowed by word problems requiring the use of skills. A workbook for drill and an in-
structor’s manual are available.

ELEMENTARY ALGEBRA: Structure and Use
RAYMOND A. BARNETT, Merritt College. 402 pages/$7.95. Published 1968

This text presents a highly motivated development of elementary algebra and features
an effective blend of sound mathematics, significant applications, and practical tech-
nique. Using a modern approach, the author introduces ideas early; the construction
of the real number system from the natural numbers forms the logical basis for the
presentation. There are a wealth of examples and exercises. An instructor’s manual is
available

SETS—RELATIONS—FUNCTIONS, Second Edition

SAMUEL SELBY and LEONARD SWEET, both of The University of Akron. 352 pages/
$6.95 (clothbound), $4.95 (soft-cover). Published 1969

Presents those ideas and symbolisms from elementary set theory that make possible a
keener insight into, and a deeper appreciation for, mathematics. The utilization of set
language and set symbolism is not pursued as an end in itself; rather it provides a
modern approach which clarifies, unifies, and simplifies important concepis in mathe-
matics.

FOUNDATIONS OF MATHEMATICS: With Application to the Social and
Management Sciences

GRACE A. BUSH and JOHN E. YOUNG, both of Kent State University. 480 pages/
$9.50. Published 1968

This introductory text provides a foundation in mathematics to people in non-scientific
fields and a substantial background to those intending to take courses in statistics,
probability, linear programming, operations research, etc. It is designed for either a
one- or two-semester course. An instructor’s manual is available.

Book Company
New York, New York 10036
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1969 MACMILLAN MATHEMATICS TEXTS

ANALYTIC GEOMETRY AND THE CALCULUS
Second Edition

By A. W. Goodman, University of South Florida
1969, 819 pages, $12.95

MODERN CALCULUS AND ANALYTIC GEOMETRY
By Richard A. Silverman

1969, 1034 pages, $12.95

CALCULUS WITH ANALYTIC GEOMETRY
By William K. Smith, New College

1969, 864 pages, $12.95

INTRODUCTION TO PROBABILITY AND STATISTICS
Third Edition

By B. W. Lindgren and G. W. McElrath, both of the University of Min-
nesota

1969, 320 pages, $8.95

ELEMENTARY DIFFERENTIAL EQUATIONS

Fourth Edition

By the late Earl D. Rainville and Phillip E. Bedient, Franklin and Marshall
College

1969, 466 pages, $9.95

A SHORT COURSE IN DIFFERENTIAL EQUATIONS
Fourth Edition

By the above authors
1969, 281 pages, $7.95

LINEAR ANALYSIS AND DIFFERENTIAL EQUATIONS
By Richard C. MacCamy and Victor J. Mizel, both of Carnegie-Mellon
University

1969, 561 pages, $11.95

MODERN ALGEBRA WITH TRIGONOMETRY
By John T. Moore, University of Western Ontario

1969, 352 pages, $8.95

Write to the Faculty Service Desk for examination copies.
THE MACMILLAN COMPANY
866 Third Avenue, New York, New York 10022

In Canada, write to Collier-Macmillan Canada, Ltd.,
1125B Leslie Street, Don Mills, Ontario
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1970 MACMILLAN MATHEMATICS TEXTS

ELEMENTS OF MATHEMATICS

By James W. Armstrong, University of Illinois, Urbana
Teacher’s Manual, gratis

1970, 306 pages, $8.95

FIELDS AND FUNCTIONS

A Course in Precalculus Mathematics

By Crayton W. Bedford, Edmond E. Hammond, Jr., George W. Best, and
J. Richard Lux, all of Phillips Academy, Andover
Teacher’s Manual, gratis

1970, 618 pages, $8.95

ANALYTIC GEOMETRY

A Precalculus Approach

By Ronald L. Bohuslov, Merritt College, Oakland
1970, 393 pages, $7.95

BASIC MATHEMATICS REVIEW
Text and Workbook, Second Edition

By J. A. Cooley, University of Tennessee, Knoxville, and Ralph Mansfield,
Chicago City College, Loop Campus
Solutions Manual, gratis

Combined Edition

1970, approx. 410 pages, $6.95

Volume I—Arithmetic

1970, approx. 192 pages, $3.95

Volume II-—Elementary Algebra

1970, approx. 244 pages, $3.95

ELEMENTARY FUNCTIONS

An Approach to Precalculus Mathematics

By Alan J. Heckenbach and J. Colby Kegley, both at Iowa State University
Teacher’s Manual, gratis

1970, 356 pages, $8.95

ELEMENTARY CONCEPTS OF MATHEMATICS
Third Edition

By Burton W. Jones, University of Colorado
Teacher’s Manual, gratis

1970, 400 pages, $8.95

FROM ARITHMETIC TO ALGEBRA

By L. Clark Lay, California State College, Fullerton
Teacher’s Manual, gratis

1970, approx. 480 pages, $6.95

CALCULUS

By Arthur B. Simon, Northwestern University
1970, 626 pages, $11.95

Write to the Faculty Service Desk for examination copies.
THE MACMILLAN COMPANY
866 Third Avenue, New York, New York 10022

In Canada, write to Collier-Macmillan Canada, Ltd.,
1125B Leslie Street, Don Mills, Ontario
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1970 MACMILLAN MATHEMATICS TEXTS

COMPUTING AND COMPUTER SCIENCE

A First Course with FORTRAN IV

By Theodor D. Sterling and Seymour V. Pollack, both at Washington Uni-
versity, St. Louis

1970, approx. 448 pages, $9.95

COMPUTING AND COMPUTER SCIENCE
A First Course with PL/1
By the above authors

1970, 414 pages, $9.95

ALGEBRA
By Jacob K. Goldhaber and Gertrude Ehrlich, both of the University of
Maryland

1970, 418 pages, $11.95

INTRODUCTION TO MATHEMATICAL STATISTICS
Third Edition

By Robert V. Hogg and Allen T. Craig, both of the University of Iowa
Solutions Manual, gratis

1970, 415 pages, $10.95

ELEMENTARY LINEAR ALGEBRA
By Bernard Kolman, Drexel Institute of Technology
Teacher’s Manual, gratis

1970, approx. 256 pages, $8.95

INTERMEDIATE ANALYSIS
By M. S. Ramanujan, The University of Michigan, and Edward S. Thomas,
Ir., State University of New York, Albany

1970, approx. 208 pages, prob. $8.95

INTRODUCTION TO NUMERICAL METHODS
By Peter A. Stark, Queensborough Community College, Bayside

1970, 334 pages, $9.95

INTRODUCTORY COMPUTER METHODS
AND NUMERICAL ANALYSIS

Second Edition

By Ralph H. Pennington

1970, approx. 512 pages, $10.95

INTRODUCTION TO FORTRAN IV
By Herbert L. Holden, Computer Center, University of California, Davis

1970, 134 pages, $4.95

Werite to the Faculty Service Desk for examination copies.
THE MACMILLAN COMPANY
866 Third Avenue, New York, New York 10022

In Canada, write to Collier-Macmillan Canada, Ltd.,
1125B Leslie Street, Don Mills, Ontario
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MODERN

ELEMENTARY MATHEMATICS
MALCOLM GRAHAM, University of Nevada, Las Vegas

This new textbook provides a modern approach to mathematics for prospec-
tive and in-service elementary teachers, as well as for students taking a terminal
course in mathematics as part of their general education. Prepared in accor-
dance with the recommendations of CUPM, the book provides thorough cover-
age of the important concepts concerning sets, number systems, and
mathematical operations, as well as two chapters on geometry and measure-
ment and a chapter on statistics and probability. Numerous exercises and
examples are included throughout the book. With Answer Booklet.
384 pages, $7.95 (probable)
Publication: April 1970

ALGERRA
FRANK J. FLEMING, Los Angeles Pierce College

Designed for use in the pre-calculus course in algebra, this textbook prepares
the student for further study in mathematics. It emphasizes the logical structure
of the algebra of real numbers and the concept of function, which is basic to
calculus. Mathematically precise in its presentation, the book contains abun-
dant exercises that require the student to draw graphs, examples with worked-
out solutions, and numerous illustrations. 492 pages. $7.95

ANALYTIC GEOMETRY
HARRY LEVY and LUCRETIA LEVY, University of Illinois

This textbook for the basic analytic geometry course stresses the relationship
of analytic geomeiry to other, modern mathematical topics—sets, functions,
linear algebra, and vectors—and involves the student early and actively in the
development of the theory. Central to the authors’ development of each topic
is the inclusion of extensive exercises and problem sets which reinforce in-
ductively the student’s understanding of the major formulas and theorems of
analytic geometry. 445 pages. $8.50

HARCOURT, BRACE & WORLD, INC.
New York / Chicago / San Francisco / Atlanta
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Tn Individual attention is almost impossible
e a n swe p in the typically overcrowded math class—
especially when you’re teaching a subject
as tough as calculus. That’s why there has

tn vou " been a growing need for textbooks to
meet today’s teaching demands. That's

why Prentice-Hall is publishing:
problems? [
TRY
PRl B E A S
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by Burton Rodin, Univ. of California
SE
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Pre-publication reviewers have said it's
different—it’s better written—it’s centered
on the needs of the student.

This new text might be just what you're
looking for. Write to us for more infor-
mation. Examine it yourself—we’d like
to know what you think!

KNETl

Also of Interest:

STATISTICS WITH APPLICATIONS
TO THE BIOLOGICAL AND
HEALTH SCIENCES
by Richard D. Remington, Univ. of Texas
and M. Anthony Schork,

Univ. of Michigan

Stressing the need for different computa~
tional procedures, this new book includes
the best available computing formulas for
all of the basic techniques. It offers prob-
lems and questions of two general types:
numerical exercises designed to provide
familiarity with statistical techniques; and
algebraic derivations or formulations,
where emphasis is on expanding ideas
discussed in the text. Presents a variety
of applications in the biological and
health sciences.

February 1970, 432 pp. (84618-8) $11.95

Write: Box 903

PRENTICE-HALL

Englewood Cliffs, N. J. 07632
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